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GEOMETRIC LOCAL ε-FACTORS
QUENTIN GUIGNARD
Abstract. Inspired by the work of Laumon on local ε-factors and by Deligne’s 1974 letter to
Serre, we give an explicit cohomological definition of ε-factors for ℓ-adic Galois representations
over henselian discrete valuation fields of positive equicharacteristic p 6= ℓ, with (not necessarily
finite) perfect residue fields. These geometric local ε-factors are completely characterized by an
explicit list of purely local properties, such as an induction formula and the compatibility with
geometric class field theory in rank 1, and satisfy a product formula for ℓ-adic sheaves on a curve
over a perfect field of characteristic p.
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1. Introduction
1.1. The theory of local ε-factors over local fields with finite residue fields originated from Tate’s
thesis in rank 1, and was brought to its current form by works of Dwork [Dw56], Langlands
[L], Deligne [De73] and Laumon [La87]. Central motivations for these developments were the
problem of decomposing the constants of functional equations of Artin’s L-functions, or of Weil’s
L-functions, as a product of local contributions, and the applications of such a decomposition to
Langlands program through Deligne’s recurrence principle, cf. ([La87], 3.2.2). Inspired by the
work of Laumon [La87] and by Deligne’s 1974 letter to Serre ([BE01], Appendix), we provide in
this text an explicit cohomological construction of ε-factors for ℓ-adic Galois representations over
equicharacteristic henselian discrete valuation fields, with (not necessarily finite) perfect residue
fields of positive characteristic, such as the field of Laurent series k((t)) for any perfect field k
of positive characteristic p. As it turns out, these geometric local ε-factors fit into a product
formula for the determinant of the cohomology of an ℓ-adic sheaf on a curve over a perfect field of
characteristic p.
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After the writing of this text, we were informed by Takeshi Saito that results similar to ours
were stated in a work of Seidai Yasuda [Ya3], itself relying on previous works [Ya1] and [Ya2] by
the same author. It appears that the approach used by Yasuda is different from ours: in order to
construct local ε-factors and to establish their key properties, he first considers the case of finite
coefficients, which enables him to use a spreading out argument in order to be able to rely on
previous results regarding the finite residue field case, while we adopted instead a self-contained
apprach by first giving an explicit cohomological construction of local ε-factors, cf. 1.11, and then
by establishing directly its main properties, most notably the induction formula.
1.2. Let us first recall the classical theory for local fields with finite residue fields. We restrict to
the equicharacteristic case, and we give a slightly non standard presentation as a preparation for our
extension to the case of a general perfect residue field (cf. 1.6). Let us fix an algebraic closure Fp of
Fp. Let ℓ be a prime number distinct from p and let ψ : Fp → Q
×
ℓ be a non trivial homomorphism.
Let us consider quadruples (T,F , ω, s) where T is a henselian trait of equicharacteristic p, whose
closed point s is finite over Fp, where F is a constructible étale Qℓ-sheaf on T , where ω is a non
zero meromorphic 1-form on T (cf. 7.1), and where s : Spec(Fp)→ T is a morphism of schemes.
A theory of ℓ-adic local ε-factors over Fp, with respect to ψ, is a rule ε which assigns to any
such quadruple (T,F , ω, s) a homomorphism εs(T,F , ω) from the Galois group Gal(s/s) to Q
×
ℓ ,
and which satisfies the following axioms:
(1) the homomorphism εs(T,F , ω) depends only on the isomorphism class of the quadruple
(T,F , ω, s);
(2) there exists a finite extension E of Qℓ contained in Qℓ, depending on F , such that
εs(T,F , ω) is a continuous homomorphism from Gal(s/s) to E×;
(3) for any exact sequence
0→ F ′ → F → F ′′ → 0,
of constructible étale Qℓ-sheaves on T , we have
εs(T,F , ω) = εs(T,F
′, ω)εs(T,F
′′, ω);
(4) if F supported on the closed point of T , then εs(T,F , ω) is the ℓ-adic character of Gal(s/s)
corresponding to the 1-dimensional representation det (Fs)
−1;
(5) for each finite generically étale extension f : T ′ → T of henselian traits, there exists a
homomorphism λf (ω) from the Galois group Gal(s/s) to Q
×
ℓ such that
εs(T, f∗F , ω) = λf (ω)
rk(F)δ
a(T ′,F ,f∗ω)
s′/s Vers′/s (εs′(T
′,F , f∗ω)) ,
for any constructible étale Qℓ-sheaf F on T
′, of generic rank rk(F), where the verlagerung
Vers′/s and the signature δs′/s are defined in 3.27, and the conductor a(T,F , f∗ω) is defined
in 7.2;
(6) if j : η → T is the inclusion of the generic point of T and if F is a lisse étale Qℓ-sheaf of
rank 1 on η, then we have
(−1)a(T,j∗F)εs(T, j∗F , ω)(Frobs) = ε(χF ,Ψω),
where Frobs is the geometric Frobenius element of Gal(s/s), where the conductor a(T, j∗F)
is defined in 7.2, whereΨω : k(η)→ Λ× is the additive character given by z 7→ ψ(Trk/Fp(zω)),
where χF is the character of k(η)× associated to F by local class field theory, and where
ε(χF ,Ψω) is the automorphic ε-factor of the pair (χF ,Ψω), cf. ([La87], 3.1.3.2).
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Theorem 1.3. For any prime number p, any prime number ℓ distinct from p and any non trivial
homomorphism ψ : Fp → Q
×
ℓ , there exists a unique theory of ℓ-adic local ε-factors over Fp, with
respect to ψ.
Since the Galois group Gal(s/s) is procyclic, the ℓ-adic character εs(T, j∗F , ω) is completely
determined by its value at the geometric Frobenius element of Gal(s/s). Actually, the rule which
associates the quantity
(−1)a(T,F)εs(T,F , ω)(Frobs),
to a quadruple (T,F , ω, s), where a(T,F) is the conductor of the pair (T,F) (cf. 7.2), satisfies
the properties listed in ([La87], 3.1.5.4). Thus Theorem 1.3 is a reformulation of the theorem of
Langlands [L] and Deligne [De73] regarding the existence and uniqueness of local ε-factors.
The proof of existence by Deligne and Langlands in the finite field case is somewhat indirect:
starting with the prescribed values (6) of the local ε-factors in rank 1, local ε-factors are defined
in arbitrary rank by Brauer’s theory and by the induction property (5), and the main problem
is then to prove that the resulting factors are independent of the choices made. Our approach is
different: we first give a simple cohomological definition of local ε-factors in arbitrary rank (cf.
9.2) using the theory of Gabber-Katz extensions (cf. 1.6 below), and we use Brauer’s theory only
to establish the main properties of these local ε-factors.
Laumon gave a cohomological formula for local ε-factors over local fields with finite residue
fields ([La87], 3.5.1.1). If F is supported on the generic point η of T , then Laumon’s formula takes
the following form:
εs(T,F , dπ) = det(F
(0,∞′)
π (F)) ◦ σπ,(1.3.1)
where π is a uniformizer of k(η), where Laumon’s local Fourier transform F (0,∞
′)
π (F) is an ℓ-adic
representation of Gal(η/η), cf. ([La87], 2.4.1), and where σπ : Gal(s/s)→ Gal(η/η)ab is the section
of the natural homomorphism Gal(η/η)ab → Gal(s/s) corresponding by local class field theory to
the unique section of the valuation homomorphism k(η)× → Z sending the element 1 of Z to π.
It is straightforward to extend (1.3.1) to a rule εLau satisfying the properties (1), (2), (3) and
(4) of a theory of ℓ-adic local ε-factors over Fp. Moreover, the normalization in rank 1, namely
property (6), can be proved directly for εLau by using Laumon’s ℓ-adic stationary phase method
from [La87]. Unfortunately, there seems to be no direct proof that εLau satisfies the property
(5), namely the induction formula, and it is therefore not possible to take Laumon’s formula as a
definition of local ε-factors. However, the ℓ-adic stationary phase method yields that the rule εLau
produced from Laumon’s formula (1.3.1) coincides with our own definition (cf. 1.11) in the finite
field case (cf. 11.8). Thus our main Theorem 1.7 below, in conjunction with the ℓ-adic stationary
phase method, proves the induction formula for εLau.
By using (1.3.1) and the ℓ-adic stationary phase method, Laumon proved the following product
formula:
Theorem 1.4 ([La87], Th. 3.2.1.1). Let X be a connected smooth projective curve of genus g over
a finite field k, let k be an algebraic closure of k, let ω be a non zero global meromorphic differential
1-form on X and let F be a constructible Qℓ-sheaf on X of generic rank rk(F). The ℓ-adic character
εk(X,F) of Gal(k/k) associated to the 1-dimensional representation det(RΓ(Xk,F))
−1 (cf. 8.2)
admits the following decomposition:
εk(X,F) = χ
N(g−1)rk(F)
cyc
∏
x∈|X|
δ
a(X(x),F|X(x) )
x/k Verx/k
(
εx(X(x),F|X(x) , ω|X(x))
)
,
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where N is the number of connected components of Xk, where |X | is the set of closed points of X,
where X(x) is the henselization of X at a closed point x, and where χcyc is the ℓ-adic cyclotomic
character of k. All but finitely many terms in this product are identically equal to 1.
The formulation of the product formula in Theorem 1.4 differs from Laumon’s ([La87], Th.
3.2.1.1), but yields an equivalent formula. Indeed, if k is of cardinality q, then evaluating the
product formula in Theorem 1.4 at the geometric Frobenius Frobk yields that the determinant
det
(
Frobk | RΓ(Xk,F)
)−1
is equal to
qN(1−g(X))rk(F)
∏
x∈|X|
(−1)
([k(x):k]−1)a(X(x),F|X(x) )εx(X(x),F|X(x) , ω|X(x))(Frobx),
and
∑
x∈X [k(x) : k]a(X(x),F|X(x)) has the same parity as the Euler characteristic −χ(Xk,F) by
the Grothendieck-Ogg-Shafarevich formula, hence the product formula asserts that the quantity
qN(1−g(X))rk(F)
∏
x∈|X|
(−1)
a(X(x),F|X(x) )εx(X(x),F|X(x) , ω|X(x))(Frobx),
coincides with the determinant det
(
−Frobk | RΓ(Xk,F)
)−1
, as in Laumon’s formulation ([La87],
Th. 3.2.1.1).
For ℓ-adic sheaves with finite geometric monodromy, the product formula in Theorem 1.4 reduces
by Brauer’s induction theorem to the rank 1 case, and the latter follows from Tate’s thesis, cf.
([La87], 3.2.1.7). A geometric proof of the product formula in rank 1 was given by Deligne in his
1974 letter to Serre ([BE01], Appendix), using geometric class field theory. Deligne’s proof in the
rank 1 case, which we review in Section 8, extends to the case of an arbitrary perfect base field k,
and constitutes an important ingredient in the proof of the main theorem 1.7 below.
1.5. Let us consider a quadruple (T,F , ω, s), where T is an equicharacteristic henselian trait, with
perfect residue field of positive characteristic p, equipped with an algebraic closure s of its closed
point s, where ω is a non zero meromorphic 1-form on T (cf. 7.1) and where F is a constructible
étale Qℓ-sheaf on T .
Let us assume for simplicity that F is irreducible, with vanishing fiber at s, and that k(s) is
the perfection of a finitely generated extension of Fp, so that F has finite geometric monodromy
by Grothendieck’s local monodromy theorem. If one wishes to construct an ε-factor εs(T,F , ω)
by using Brauer’s theorem from finite group theory, in order to reduce through additivity and
induction to the rank 1 case, we need F to have finite monodromy, rather than merely having
finite geometric monodromy. When k is finite, the Galois group Gal(s/s) is procyclic, hence some
twist of F by a geometrically constant Qℓ-sheaf of rank 1 has finite monodromy, cf. ([De73], 4.10),
and this allows Deligne and Langlands to reduce to the finite monodromy case.
In the general case, the Galois group Gal(s/s) is not procyclic, nor abelian, and twisting by
geometrically constant Qℓ-sheaves of rank 1 is not enough to reduce to the finite monodromy case
from the finite geometric monodromy case. However, it is possible to allow for such a reduction
by considering more general twists. More precisely, we can reduce to the finite monodromy case
at the following costs (cf. 2.40, 2.39):
(a) considering Qℓ-sheaves on T twisted by a Q
×
ℓ -valued 2-cocycle on Gal(s/s), rather than
merely Qℓ-sheaves,
(b) allowing twists by higher rank (twisted) geometrically constant sheaves, rather than rank
1 such sheaves.
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The notion of twisted sheaf is recalled in 3.7. Let us simply describe here the corresponding
notion of twisted Qℓ-representation. If η is the generic point of T and if η is a separable closure
of ηs, with Galois group Gal(η/η) endowed with the natural homomorphism r : Gal(η/η) →
Gal(s/s), then a Qℓ-representation of Gal(η/η) twisted by a Q
×
ℓ -valued 2-cocycle µ on Gal(s/s),
is a continuous map
ρ : Gal(η/η)→ GL(V ),
where V is a finite dimensional vector space over some finite extension of Qℓ contained in Qℓ, which
satisfies
ρ(g)ρ(h) = µ(r(g), r(h))ρ(gh),
for all g, h in Gal(η/η). When µ = 1 is the trivial cocycle, a twisted Qℓ-representation of Gal(η/η) is
simply a Qℓ-Galois representation over η. The preliminary section 2 is devoted to a more thorough
discussion of twisted representations.
1.6. Let k be a perfect field of positive characteristic p, with algebraic closure k, and let ℓ, ψ be
as in 1.1. Let Λ be either Fℓ, Qℓ or the integral closure Zℓ of Zℓ in Qℓ.
Let us consider quadruples (T,F , ω, s) where T is a henselian trait over k, whose closed point s
is finite over k, equipped with a k-morphism s : Spec(k)→ T , where ω is a non zero meromorphic
1-form on T (cf. 7.1) and where F is a constructible étale Λ-sheaf on T twisted (cf. 3.7) by some
unitary 2-cocycle on Gal(s/s), i.e. a 2-cocycle which is continuous with values in a finite subgroup
of Λ× (cf. 2.10).
A theory of twisted ℓ-adic local ε-factors over k, with respect to ψ, is a rule ε which assigns
to any such quadruple (T,F , ω, s) a map εs(T,F , ω) from the Galois group Gal(s/s) to Λ×, and
which satisfies the following axioms:
(i) the map εs(T,F , ω) depends only on the isomorphism class of the quadruple (T,F , ω, s);
(ii) there exists a sub-Zℓ-algebra Λ0 of Λ of finite type, depending on F , such that εs(T,F , ω)
is a continuous map from Gal(s/s) to Λ×0 ;
(iii) (cf. 9.3) for any exact sequence
0→ F ′ → F → F ′′ → 0,
of constructible étale Λ-sheaves on T twisted by the same unitary 2-cocycle, we have
εs(T,F , ω) = εs(T,F
′, ω)εs(T,F
′′, ω);
(iv) (cf. 9.6) if F supported on the closed point of T , then the value of εs(T,F , ω) at an element
g of Gal(s/s) is given by
εs(T,F , ω)(g) = det (g | Fs)
−1 ;
(v) (cf. 9.16) for each finite generically étale extension f : T ′ → T of henselian traits T ′ and
T over k, there exists a homomorphism λf (ω) from the Galois group Gal(s/s) to Z
×
ℓ such
that
εs(T, f∗F , ω) = λf (ω)
rk(F)δ
a(T ′,F ,f∗ω)
s′/s Vers′/s (εs′(T
′,F , f∗ω)) ,
for any constructible étale Λ-sheaf F on T ′, of generic rank rk(F), twisted by some unitary
2-cocycle on Gal(s/s), where the signature δs′/s and the verlagerung or transfer Vers′/s
are defined in 3.26;
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(vi) if the fiber of F at the closed point s of T vanishes and if F is generically of rank 1,
with Swan conductor ν − 1, then the value of εs(T,F , ω) at an element g of Gal(s/s) is
prescribed as follows:
εs(T,F , ω)(g) = det
(
g | Hνc
(
Picν+v(ω)(T, νs)s, χF ⊗ Lψ{Resω}(−v(ω))
))
,
where v(ω) is the valuation of ω (cf. 7.1), where Picν+v(ω)(T, νs) is the component of
degree ν + v(ω) of the local Picard group (cf. 5.20), where χF is the multiplicative local
system on the group Pic(T, νs) naturally associated to F by twisted local geometric class
field theory (cf. 5.45), and where Lψ{Resω} is the Artin-Schreier local system associated
to the residue morphism Resω, cf 7.5 for details;
(vii) (cf. 9.5) if G is a geometrically constant Λ-sheaf on T , twisted by some unitary 2-cocycle
on Gal(s/s) (possibly different from the 2-cocycle by which F is twisted), then we have
εs(T,F ⊗ G, ω) = det(Gs)
a(T,F ,ω)εs(T,F , ω)
rk(G),
where the conductor a(T,F , ω) is defined in 7.2.
(viii) if F is a twisted Zℓ-sheaf, then the diagram
Gal(s/s)
Q
×
ℓ
Z
×
ℓ
F
×
ℓ
εs(T,F ⊗Zℓ
Qℓ, ω)
εs(T,F ⊗Zℓ
Fℓ, ω)
εs(T,F , ω)
is commutative.
Our main result can then be stated as follows:
Theorem 1.7 (cf. 9.18). Let k be a perfect field of positive characteristic p > 0. Then for any
prime number ℓ distinct from p and any non trivial homomorphism ψ : Fp → Q
×
ℓ , there exists a
unique theory of twisted ℓ-adic local ε-factors over k, with respect to ψ. Moreover, we have the
following properties:
(viii) the map εs(T,F , ω) does not depend on the subfield k of k(s).
(ix) (cf. 9.4) for any quadruple (T,F , ω, s) over k, where F is twisted by a unitary 2-cocyle µ
on Gal(s/s), we have
εs(T,F , ω)(g)εs(T,F , ω)(h) = µ(g, h)
a(T,F ,ω)εs(T,F , ω)(gh)
for any elements g, h of Gal(s/s), where s is the closed point of T and where a(T,F , ω)
is the conductor defined in 7.2. In particular the 2-cocycle µa(T,F ,ω) is a coboundary (cf.
2.6).
In the untwisted case, the property (vii) is a consequence of (i)−(vi), since one can assume that
the twist G is of rank 1, and one can then use Brauer’s induction theorem together with (i)− (v)
to reduce to the case where F is also of rank 1, so that (vii) then follows from (vi), cf. ([La87],
3.1.5.6).
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When k is finite, then for any finite extension k(s) of k contained in k, any unitary 2-cocycle
on Gal(k/k(s)) is a coboundary, and thus the theory of twisted ℓ-adic local ε-factors over k is not
more general than the classical theory of Deligne and Langlands. Actually, we have:
Theorem 1.8 (cf. 9.19). Let (T,F , ω, s) be a quadruple as in 1.6 over a finite field k, where F is
untwisted, i.e. twisted by the trivial cocycle. Then the quantity
(−1)a(T,F)εs(T,F , ω)(Frobs),
Frobs is the geometric Frobenius in Gal(s/s), where s is the closed point of T and where a(T,F)
is the conductor of (T,F) (cf. 7.2), coincides with the classical local ε-factor, normalized as in
[La87, Th. 3.1.5.4].
This result will be deduced from the normalization (vi) of geometric local ε-factors and from
the Grothendieck-Lefschetz trace formula (cf. 7.22).
As in the case of a finite base field (cf. 1.5), we have a product formula:
Theorem 1.9 (cf. 10.1.2). Let Λ be either Fℓ or Qℓ. Let X be a connected smooth projective curve
of genus g(X) over a perfect field k, let ω be a non zero global meromorphic differential 1-form on X
and let F be a constructible Λ-sheaf on X of generic rank rk(F), twisted by some unitary 2-cocycle
on Gal(k/k) (cf. 3.7). Then the trace function εk(X,F) on Gal(k/k) associated to the twisted
1-dimensional representation det(RΓ(Xk,F))
−1 (cf. 8.2) admits the following decomposition:
εk(X,F) = χ
N(g(X)−1)rk(F)
cyc
∏
x∈|X|
δ
a(X(x),F|X(x))
x/k Verx/k
(
εx(X(x),F|X(x) , ω|X(x))
)
,
where N is the number of connected components of Xk, where |X | is the set of closed points of X
and χcyc is the ℓ-adic cyclotomic character of k. All but finitely many terms in this product are
identically equal to 1.
We first prove Theorem 1.9 in the case of (twisted) Λ-sheaves with finite geometric monodromy,
cf. 10.10, and we then prove the general case in Section 11 by using Laumon’s ℓ-adic stationary
phase method. An important ingredient of the proof is the following extension of Laumon’s formula
(1.3.1):
Theorem 1.10 (cf. 11.8). Let T be an henselian trait with closed point s, such that k(s) is a perfect
field of positive characteristic p, and let F be a constructible Λ-sheaf on T with vanishing fiber at
s, twisted by some unitary 2-cocycle on Gal(k/k) (cf. 3.7). Let π be a uniformizer on T , and let
χ
det(F
(0,∞′)
π (F))
be the multiplicative Λ-local system associated to det(F
(0,∞′)
π (F)) by geometric class
field theory (cf. 5.45), where F(0,∞
′)
π (F) is Laumon’s local Fourier transform, cf. ([La87], 2.4.1).
Then the trace map of the stalk of χ
det(F
(0,∞′)
π (F))
at π−1 coincides with εk(T,F , dπ).
Laumon’s proof of this result when k is finite starts with a reduction to the tamely ramified case
([La87], 3.5.3.1), and then resort to a computation in the latter case ([La87], 2.5.3.1). Instead of
adapting Laumon’s proof to the general case, we choose to avoid these steps in our treatment of
Theorem 1.10 : we give a direct proof by using the ℓ-adic stationary phase method (cf. 11.5) and
by specializing Theorem 1.7 to the case where the base field k is (the perfection of) a henselian
discretely valued field of equicharacteristic p.
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1.11. Let us briefly describe our definition of twisted ℓ-adic local ε-factors over a perfect field k
of positive characteristic p (cf. 1.6). Let (T,F , ω, s) be a quadruple over k as in 1.6, and let s be
the closed point of T . We fix a uniformizer π of OT , and denote by π as well the morphism
π : T → A1s,
corresponding to the unique morphism k(s)[t] → OT of k(s)-algebras which sends t to π. The
theory of Gabber-Katz extensions, originating from [Ka86] and reviewed in Section 4, ensures the
existence of a (twisted) Λ-sheaf π♦F on A1s, unique up to isomorphism, such that:
(1) the pullback π−1π♦F is isomorphic to F ;
(2) the Λ-sheaf π♦F is tamely ramified at infinity;
(3) the restriction of π♦F to Gm,s is a local system whose geometric monodromy group has a
unique p-Sylow.
We then simply define
εs(T,F , dπ) = det
(
RΓc(A
1
s, π♦F ⊗ L
−1
ψ )
)−1
,
where Lψ is the Artin-Schreier sheaf on the affine line associated to ψ. Using geometric class field
theory, we then define εs(T,F , ω) for arbitrary meromorphic 1-forms ω on T , cf. 9.2.
We then show in Section 9, using a variant of Brauer’s induction theorem (cf. 2.36), that the
resulting local ε-factor is independent of the choice of π (cf. 9.14) and that it satisfies the properties
(i)− (ix) listed in 1.6 and in Theorem 1.7. The most notable of these properties is the induction
formula (v), which is proved using generalized Gabber-Katz extensions (cf. 4.18) and the product
formula (cf. 1.7) in generic rank 1, proved by Deligne in his 1974 letter to Serre, the latter being
published as an appendix in [BE01] and reviewed in Section 8.
1.12. We now describe the organization of this paper. Section 2 contains preliminary definitions
and results on representations of groups twisted by a 2-cocycle. It notably includes an extension
of Brauer’s induction theorem to this context, namely Theorem 2.36, and a useful decomposition
of a twisted representation according to its restriction to a finite normal subgroup in Proposition
2.40.
Section 3 is devoted to basic definitions and results regarding ℓ-adic sheaves and their twisted
counterparts.
We review in Section 4 the theory of Gabber-Katz extensions, following the exposition by Katz
in [Ka86]. We provide mild generalizations of the results found in the latter article, namely an
extension to twisted ℓ-adic sheaves on arbitrary Gabber-Katz curves.
Section 5 is devoted to geometric class field theory, in both of its global and local incarnations.
Since this topic is of independent interest, we choose to present more material than what is strictly
necessary in order to prove the main results of this text. We discuss in particular the relations
between different formulations of geometric local class field theory, namely those of Serre [Se61],
of Contou-Carrère [CC13] and Suzuki [Su13], or of Gaitsgory. We also prove local-global compat-
ibility in geometric class field theory (cf. 5.36), as well as functoriality with respect to the norm
homomorphism (cf. 5.37).
In Section 6, we perform a series of computations aiming at describing multiplicative local
systems, namely the geometric analog of characters of abelian groups, on certain groups schemes,
such as the additive group Ga or the group of Witt vectors of length 2 over F2. All of these
computation can be considered as being part of the proof of the main proposition 7.6 in Section 7,
which describes the cohomology groups appearing in our definition 7.7 of geometric local ε-factors
in generic rank 1.
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In Section 8, we review Deligne’s 1974 letter to Serre on ε-factors, where the product formula
1.9 is proved in generic rank 1 by using geometric class field theory. We also provide a mild
generalization to the context of twisted ℓ-adic sheaves.
Section 9 is devoted to the proofs of the main results of this text, namely that the twisted
ℓ-adic ε-factors defined with Gabber-Katz extensions as in 1.11 are independent of the choice of
uniformizer and satisfy the properties (i)− (ix) listed in 1.6 and in Theorem 1.7. Our main tools
are the reduction to the rank 1 case allowed by the results of Section 2, and the product formula
in generic rank 1 from Section 8. We also prove Theorem 1.8 in this section.
Finally, we prove the product formula for (twisted) ℓ-adic sheaves of arbitrary rank, first under
various finiteness hypotheses in section 10, by using the results of Section 2 to reduce to the rank 1
case handled in Section 8, and then in the general case in Section 11, by following closely Laumon’s
proof in the finite field case.
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benefited from their hospitality and support. The author is indebted to Ahmed Abbes for his
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corrections and remarks, to Dennis Gaitsgory for a fruitful discussion on geometric local class field
theory, and to Ofer Gabber for suggesting that the “potentially unipotent” condition appearing in
an earlier version of this text could be removed.
1.13. Conventions and notation. We fix a perfect field k of positive characteristic p, and we
denote by k a fixed algebraic closure of k. We denote by Gk = Gal(k/k) the Galois group of the
extension k/k. For any k-scheme X , and for any k-algebra k′, we denote by Xk′ the fiber product
of X and Spec(k′) over Spec(k). The group Gk acts on the left on k, and thus acts on the right
on Xk.
We fix as well a prime number ℓ different from p, and we denote by C an algebraic closure of the
field Qℓ of ℓ-adic numbers, endowed with the topology induced by the ℓ-adic valuation. We denote
by Zℓ(1) the invertible Zℓ-module consisting of sequences (ζn)n≥0 of elements of k such that ζ0 = 1
and ζℓn+1 = ζn for each n, endowed with the natural action of Gk. For each integer ν, we denote
by Zℓ(ν) the invertible Zℓ-module Zℓ(1)⊗ν . More generally, for any ℓ-adic sheaf F on a k-scheme
(cf. 3.5) we denote by F(ν) the tensor product of F and Zℓ(ν) over Zℓ. We also denote by
χcyc : Gk → Z
×
ℓ
g → Tr(g | Zℓ(1)),
the character associated to the ℓ-adic representation Zℓ(1) of Gk.
2. Preliminaries on representations of twisted groups
2.1. Let G be a profinite topological group, and let f : G→ X be a continuous map onto a finite
set X endowed with the discrete topology. The open normal subgroups of G form a basis of open
neighbourhoods at the unit element of G. Hence, for each element g of G, there exists an open
normal subgroup Ig such that the coset gIg is contained in the open subset f−1(f(g)). Since G is
compact, there exists a finite family (gj)j∈J of elements of G such that the open subsets (gjIgj )j∈J
form a cover of G. Thus, if I is the intersection of the open normal subgroups (Igj )j∈J , then I is
itself an open normal subgroup of G and f is both left and right I-invariant.
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2.2. An admissible ℓ-adic ring is a commutative topological ring which is isomorphic to one of
the following:
(1) a finite local Z/ℓn-algebra for some integer n, endowed with the discrete topology,
(2) the ring of integers in a finite extension of Qℓ, endowed with the topology defined by the
ℓ-adic valuation,
(3) a finite extension of Qℓ, endowed with the topology defined by the ℓ-adic valuation.
An ℓ-adic coefficient ring is a commutative topological ring Λ such that any finite subset of Λ
is contained in a subring of Λ, which is an admissible ℓ-adic ring for the subspace topology. In
particular, any admissible ℓ-adic ring is an ℓ-adic coefficient ring as well.
Example 2.3. The ring C (cf. 1.13) endowed with the topology induced by the ℓ-adic valuation,
is an ℓ-adic coefficient ring.
Remark 2.4. Any admissible ℓ-adic ring is a finitely presented Zℓ-agebra. In particular, the set
of admissible ℓ-adic subrings of an ℓ-adic coefficient ring is filtered when ordered by inclusion.
2.5. Let T be a topological space and let Λ be an ℓ-adic coefficient ring (cf. 2.2). A map f : T → Λ
is said to be Λ-admissible if it is continuous and if its image is contained in an admissible ℓ-adic
subring of Λ.
Similarly, if V is a free Λ-module of finite rank, a map f : T → AutΛ(V ) (resp. f : T →
AutΛ(V )/Λ
×) is said to be Λ-admissible if it is continuous and if there is an admissible ℓ-adic sub-
ring Λ0 of Λ and a Λ0-form V0 of V such that f factors through AutΛ0(V0) (resp. AutΛ0(V0)/Λ
×
0 ).
2.6. Let G be a topological group, and let Λ be an ℓ-adic coefficient ring (cf. 2.2). For each
integer j, let Cj(G,Λ×) be the group of Λ-admissible maps from Gj to Λ×. We define a complex
C1(G,Λ×)
d1
−→ C2(G,Λ×)
d2
−→ C3(G,Λ×),
as follows: if λ is an element of C1(G,Λ×), we set
d1(λ) : G2 → Λ×
(x, y)→ λ(x)λ(y)λ(xy)−1 ,
(2.6.1)
which is indeed Λ-admissible, and if µ is an element of C2(G,Λ×), we set
d2(µ) : G3 → Λ×
(x, y, z)→ µ(x, y)µ(xy, z)µ(x, yz)−1µ(y, z)−1,
(2.6.2)
which is Λ-admissible as well. If λ is an element of C1(G,Λ×), then we have
d1(λ)(x, y)d1(λ)(xy, z) = λ(x)λ(y)λ(z)λ(xyz)−1 = d1(λ)(x, yz)d1(λ)(y, z),
and thus d2 ◦ d1 vanishes.
Definition 2.7. An admissible 2-cocycle (resp. 2-boundary) on G with values in Λ× is an element
of the kernel of d2 (resp. of the image of d1). The second admissible cohomology group of G with
coefficients in Λ×, denoted H2adm(G,Λ
×), is the quotient of the group of admissible 2-cocycles on
G with values in Λ×, by the subgroup of admissible 2-boundaries.
We also have
H2adm(G,Λ
×) = colimΛ0H
2
adm(G,Λ
×
0 ),
where Λ0 runs over the filtered set of admissible ℓ-adic subrings of Λ (cf. 2.4), and the group
H2adm(G,Λ
×
0 ) coincides with the second continuous cohomology group of G with coefficients in Λ
×
0 .
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Remark 2.8. If G is finite, then any map from Gj to Λ× is Λ-admissible. Thus the group
H2adm(G,Λ
×) coincides with the second cohomology group H2(G,Λ×) of G with coefficients in Λ.
2.9. Let Λ be an ℓ-adic coefficient ring (cf. 2.2). A Λ-admissible multiplier on a topological group
G is an admissible 2-cocycle µ with values in Λ× (cf. 2.7), such that µ(1, 1) = 1. In particular, a
multiplier µ satisfies the cocycle relation
µ(x, y)µ(xy, z) = µ(x, yz)µ(y, z),(2.9.1)
for all x, y, z in G. By specializing this relation to x = y = 1, we obtain µ(1, z) = 1 for any z in G.
Likewise, we have µ(x, 1) = 1 for any x in G.
Definition 2.10. A Λ-admissible multiplier µ on a topological group G is said to be unitary if
there is an integer r ≥ 1 such that µr = 1.
Since the group of r-th roots of unity in Λ is a discrete subgroup of Λ×, any unitary multiplier on
a topological group G must be locally constant. If moreover G is profinite, then any Λ-admissible
multiplier on G must be left and right I-invariant for some open normal subgroup I of G (cf. 2.1).
Definition 2.11. A Λ-twisted topological group (resp. a Λ-twisted group) is a pair (G,µ), where G
is a topological group (resp. a discrete group) and µ is a Λ-admissible multiplier on G. A morphism
of Λ-twisted topological groups from (G,µ) to (G′, µ′) is a continuous group homomorphism f :
G→ G′ such that µ(x, y) = µ′(f(x), f(y)) for all x, y in G.
Remark 2.12. Let G be a topological group, and let λ : G→ Λ× be a Λ-admissible map (cf. 2.5)
such that λ(1) = 1. Then the 2-boundary d1(λ) (cf. 2.6.1) is a multiplier on G. The quotient of the
group of Λ-admissible multipliers on G by the group of 2-coboundaries d1(λ) such that λ(1) = 1,
is isomorphic to the second admissible cohomology group H2adm(G,Λ
×), since any Λ-admissible
2-cocycle µ on G factors as µ = cµ′, where µ′ is a Λ-admissible multiplier on G and c = µ(1, 1) is
a unit of Λ, and we have c = d1(c).
2.13. Let (G,µ) be a Λ-twisted topological group (cf. 2.11). A Λ-admissible representation of
(G,µ) is a pair (V, ρ), where V is a free Λ-module of finite rank, and ρ : G → AutΛ(V ) is a
Λ-admissible map (cf. 2.5) such that
ρ(x)ρ(y) = µ(x, y)ρ(xy),
for all x, y in G. Since µ(1, 1) = 1, this relation implies ρ(1) = idV .
If (V, ρ) and (V ′, ρ′) are both Λ-admissible representations of (G,µ), we define a morphism from
(V, ρ) to (V ′, ρ′) to be a homomorphism f : V → V ′ of Λ-modules such that f ◦ ρ(x) = ρ′(x) ◦ f
for all x in G.
We will denote by RepΛ(G,µ) the category of Λ-admissible representations of (G,µ).
Remark 2.14. If (V, ρ) is a Λ-admissible representation of (G,µ), then the composition of ρ
with the projection AutΛ(V ) → AutΛ(V )/Λ× to the projective general linear group of V is a
genuine group homomorphism, thereby defining a projective representation of G. Moreover, any
Λ-admissible projective representation of a discrete group G is obtained in this way from a Λ-
admissible representation of (G,µ), for some multiplier µ. However, the category RepΛ(G,µ) is
additive, unlike the category of projective representations of G.
Remark 2.15. If λ : G → Λ× is a Λ-admissible map with λ(1) = 1, then the functor (V, ρ) 7→
(V, λρ) is an equivalence of categories from RepΛ(G,µ) to RepΛ(G,µd
1(λ)) (cf. 2.12). These
categories are thus equivalent, although non canonically, since the isomorphism just constructed
depends on λ. In particular, RepΛ(G,µ) depends only on the cohomology class of µ, up to non
unique equivalence.
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Proposition 2.16. Let H be an open subgroup of finite index in a Λ-twisted topological group
(G,µ). Let V be a free Λ-module of finite rank, and let ρ : G → AutΛ(V ) be a map such that
ρ(x)ρ(y) = µ(x, y)ρ(xy) for all x, y in G. If (V, ρ|H) is a Λ-admissible representation of (H,µ|H),
then (V, ρ) is a Λ-admissible representation of (G,µ).
Indeed, there exists an admissible ℓ-adic subring Λ0 ⊆ Λ and a Λ0-form V0 of V such that ρ|H
factors through AutΛ0(V0) and such that the induced map ρ|H : H → AutΛ0(V0) is continuous.
Let (gi)i∈I be a finite family of left H-cosets representatives. Up to replacing Λ0 with a larger
admissible ℓ-adic subring of Λ, we can assume (and we do) that each ρ(gi) belongs to AutΛ0(V0),
and that µ takes its values in Λ×0 . The restriction of ρ to the open subset Hgi is then given by the
formula
ρ(hgi) = µ(h, gi)
−1ρ(h)ρ(gi).
Thus the restriction ρ|Hgi take its values in AutΛ0(V0) and is continuous. Therefore ρ takes its
values in AutΛ0(V0) and is continuous, and consequently (V, ρ) is a Λ-admissible representation of
(G,µ).
2.17. Non zero Λ-admissible representations of (G,µ) may not exist for every µ. Indeed, if Λ is
an algebraically closed field, then the cohomology class associated to µ (cf. 2.12) must have finite
order for such a representation to exist, by the following proposition.
Proposition 2.18. Assume that the ℓ-adic coefficient ring Λ is an algebraically closed field. If a
Λ-twisted topological group (G,µ) admits a Λ-admissible representation of rank r ≥ 1, then there
exists a Λ-admissible map λ : G → Λ× (cf. 2.5) such that λ(1) = 1, and such that µd1(λ) (cf.
2.12) is unitary (cf. 2.10), with values in the group of r-th roots of unity in Λ×.
Indeed, let Λ0 ⊂ Λ be an admissible ℓ-adic subring of Λ such that µ takes its values in Λ
×
0 , and
such that there exists a Λ0-admissible representation (V, ρ) of (G,µ), of rank r ≥ 1. We have
det(ρ(g)) det(ρ(h)) = µ(g, h)r det(ρ(gh)),
for all g, h in G. Thus, if λ : G → Λ× is a Λ-admissible map such that λ(1) = 1 and λr = det ◦ρ,
then the multiplier µd1(λ) (cf. 2.6) is unitary, with values in r-th roots of unity. It remains to
show the existence of such a continuous map λ.
If Λ0 is finite, then there exists a map f from Λ
×
0 to Λ
× such that f(w)r = w for any w in Λ×0 .
We can then choose λ = f ◦ det ◦ρ.
Otherwise, we can assume that Λ0 is a finite extension E of Qℓ, with ring of integers OE . The
subgroup 1 + rℓ2OE of E× is open, and the map
1 + rℓ2OE → 1 + ℓOE
1 + x→ (1 + x)
1
r =
∑
n≥0
r−1(r−1 − 1) · · · (r−1 − n+ 1)
n!
xn,
is continuous. Let H be an open subgroup of G such that det ◦ρ(H) is contained in 1 + rℓ2OE .
Let (gc)c∈G/H be a set of representatives for the right cosets of H in G, such that g1 = 1, and
let (λc)c∈G/H be elements of Λ such that λrc = det(ρ(gc)) and λ1 = 1. Then, setting λ(hgc) =
det(ρ(h))
1
r µ(h, gc)
−1λc for h and c in H and G/H respectively yields a Λ-admissible map from G
to Λ× such that λ(1) = 1 and λr = det ◦ρ, hence the result.
2.19. Let f : (G,µ) → (G′, µ′) be a morphism of Λ-twisted topological groups (cf. 2.11), and
let (V, ρ) be a Λ-admissible representation of (G′, µ′) (cf. 2.13). Then (V, ρf) is a Λ-admissible
representation of (G,µ), which we denote by f∗V . This yields a functor f∗ from RepΛ(G
′, µ′) to
RepΛ(G,µ).
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2.20. Let (V1, ρ1) and (V2, ρ2) be Λ-admissible representations of Λ-twisted topological groups
(G1, µ1) and (G2, µ2) respectively. Then the formula
(µ1 ⊗ µ2)((x1, x2), (y1, y2)) = µ1(x1, y1)µ2(x2, y2)
for x1, y1 in G1 and x2, y2 in G2, defines a multiplier on the topological group G1×G2. The free Λ-
module of finite rank V1⊗ΛV2 is then endowed with a structure of continuous linear representation
of (G1 ×G2, µ1 ⊗ µ2) over Λ, by defining ρ(x1, x2) = ρ1(x1)⊗ ρ2(x2) for (x1, x2) in G1 ×G2.
If G1 = G2, then the diagonal morphism G → G × G is a morphism of Λ-twisted topological
groups from (G,µ1µ2) to (G1 × G2, µ1 ⊗ µ2). The restriction of the Λ-admissible representa-
tion V1 ⊗Λ V2 of (G1 ×G2, µ1 ⊗ µ2) through this diagonal morphism then defines a Λ-admissible
representation of (G,µ1µ2), still denoted by V1 ⊗Λ V2.
2.21. Let (G,µ) be a Λ-twisted group (cf. 2.11). The twisted group algebra Λ[G,µ] of (G,µ)
over Λ is given by a free Λ-module with basis ([x])x∈G, endowed with the Λ-bilinear product defined
by
[x][y] = µ(x, y)[xy],
for all x, y in G. The cocycle relation 2.9.1 is equivalent to the associativity of this product.
Moreover, recall from 2.9 that µ(x, 1) = µ(1, z) = 1 for all x, z in G, hence [1] is a (left and right)
neutral element, and thus Λ[G,µ] is a unital associative Λ-algebra.
Proposition 2.22. Let (G,µ) be a finite discrete Λ-twisted group. The functor which sends a left
Λ[G,µ]-module V which is free of finite rank over Λ to the Λ-admissible representation of (G,µ)
on V defined by the formula ρ(x)(v) = [x]v for x in G and v in V is a Λ-linear equivalence of
categories, from the category of left Λ[G,µ]-modules which are free of finite rank over Λ to the
category Λ-admissible representations of G over Λ (cf. 2.13).
In particular, if G is finite, then Λ[G,µ] is itself a non zero Λ-admissible representation of (G,µ).
By combining this obervation with Proposition 2.18, we recover the well-known result that any
multiplier on G is cohomologous to a unitary multiplier with values in |G|-th roots of unity, and
thus that the abelian group H2adm(G,Λ
×) = H2(G,Λ×) (cf. 2.8) is finite with exponent dividing
|G| whenever Λ is an algebraically closed field. This observation admits the following reformulation
in terms of central extensions:
Proposition 2.23. Assume that the ℓ-adic coefficient ring Λ is an algebraically closed field. Let
G∗ be a central extension of a finite group G by Λ×. Then there exists a section σ : G→ G∗ with
σ(1) = 1 such that the 2-cocycle
µ : G2 → Λ×
(x, y)→ σ(x)σ(y)σ(xy)−1 ,
is unitary.
Indeed, if σ0 : G→ G∗ is an arbitrary section such that σ0(1) = 1, with associated 2-cocycle µ0,
then we observed that there exists a map λ : G → Λ× such that λ(1) = 1 and such that µ0d1(λ)
is unitary. Since µ0d1(λ) is the 2-cocycle associated to the section λσ0 : G → G∗, we can take
σ = λσ0 in Proposition 2.23.
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2.24. Let H be an open subgroup of finite index in a Λ-twisted topological group (G,µ). Then
the restriction µ|H of µ to H ×H endows H with a structure of Λ-twisted topological group, such
that the inclusion ι : H → G is a morphism of twisted topological groups. The functor ι∗ (cf. 2.19)
from RepΛ(G,µ) to RepΛ(H,µ|H) admits a left adjoint Ind
G
H , given by
IndGH(V ) = Λ[G,µ]⊗Λ[H,µ|H ] V,
cf. 2.22. In order to verify that IndGH(V ) is indeed a Λ-admissible representation of (G,µ), it is
sufficient by Proposition 2.16 to check that the restriction of IndGH(V ) to the finite index open
subgroup K = ∩g∈G/HgHg−1 is a Λ-admissible representation of (K,µ|K). However, if (gc)c∈G/H
are left H-cosets representatives, then we have a decomposition
Λ[G,µ] =
⊕
c∈G/H
[gc]Λ[H,µ|H ],
as a right Λ[H,µ|H ]-module, which yields in turn a decomposition
IndGH(V ) =
⊕
c∈G/H
[gc]V,
where [gc]V is a Λ-admissible representation of (K,µ|K), since the action of K on this Λ-module
is given by
[k][gc]v = µ(k, gc)[kgc]v
= µ(k, gc)µ(gc, g
−1
c kgc)
−1[gc][g
−1
c kgc]v,
for k inK and v in V , so that [gc]V is isomorphic to the Λ-module V , endowed with the Λ-admissible
map ρc : K → AutΛ(V ) given by ρc(k) = µ(k, gc)µ(gc, g−1c kgc)
−1ρ(g−1c kgc).
2.25. Let (G,µ) be a Λ-twisted topological group (cf. 2.11), and let Z be a subgroup of Λ×
which contains the image of µ, and which is contained in an admissible ℓ-adic subring of Λ. Let
us consider the central extension
1→ Z
ι
−→ G∗
π
−→ G→ 1,
associated to the 2-cocycle µ. The underlying topological space of G∗ is the product Z × G, the
group law is given by
(λ1, g1) · (λ2, g2) = (λ1λ2µ(g1, g2), g1g2),
and we have ι(λ) = (λ, 1) and π(λ, g) = g for (λ, g) in Z × G. The continuous map π admits a
distinguished continuous section, namely σ : g 7→ (1, g), which is a group homomorphism if and
only if µ is trivial, i.e. µ = 1.
If (V, ρ) is a Λ-admissible representation of (G,µ) (cf. 2.13), then the continuous map
ρ∗ : G∗ → AutΛ(V ),
(λ, g)→ λρ(g),
is a group homomorphism, hence (V, ρ∗) is a Λ-admissible representation of the topological group
G∗. If ζ : Z → Λ× is the character of Z given by the inclusion, then the restriction of (V, ρ∗) to
Z is ζ-isotypical, i.e. ρ∗ ◦ ι(λ)(v) = ζ(λ)v for all (λ, v) in Z × V . Conversely, any Λ-admissible
representation of G∗ with ζ-isotypical restriction to Z yields a Λ-admissible representation of (G,µ)
by composition with the section σ, and these two constructions are quasi-inverse to each other.
We have obtained:
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Proposition 2.26. The functor (V, ρ) 7→ (V, ρ∗) is an equivalence of categories from RepΛ(G,µ)
to the category of Λ-admissible representations of (G∗, 1) whose restriction to Z is ζ-isotypical.
If H is a subgroup of G, endowed with the restriction of µ to H , then the corresponding group
H∗ is the inverse image of H by π. Let ι : H → G be the inclusion, which is a morphism of
Λ-twisted topological groups. Under the equivalence of Proposition 2.26, the functor ι∗ (cf. 2.19)
corresponds to the restriction functor from representations of G∗ to representations of H∗. By
taking left adjoints when available (cf. 2.24), we obtain:
Proposition 2.27. Let H be an open subgroup of finite index in G, with inverse image H∗ in G∗.
Under the equivalence of Proposition 2.26, the functor IndGH corresponds to Ind
G∗
H∗ .
2.28. Let us recall that if (V, ρ) is a Λ-admissible representation of a Λ-twisted topological group
(G,µ), then the composition
G
ρ
−→ AutΛ(V )→ AutΛ(V )/Λ
×,
is a genuine group homomorphism. In particular, its image is a subgroup of AutΛ(V )/Λ×.
Definition 2.29. A Λ-admissible representation (V, ρ) of a twisted topological group (G,µ) is
said to have finite projective image if the composition of ρ with the projection from AutΛ(V )
to AutΛ(V )/Λ× has finite image. We denote by Rep
fin
Λ (G,µ) the full subcategory of RepΛ(G,µ)
whose objects are the Λ-admissible representations of (G,µ) with finite projective image.
Under the equivalence of Proposition 2.26, the subcategory RepfinΛ (G,µ) of RepΛ(G,µ) is equiv-
alent to the category of continuous linear representations of G∗ with finite projective image and
with ζ-isotypical restriction to Z (with notation from 2.26).
2.30. Let (V, ρ) be an object of RepfinΛ (G,µ), where Λ is an ℓ-adic coefficient ring in which ℓ is
invertible. Then the Λ-module End(V ) is a Λ-admissible representation of (G, 1) under the action
given by g · u = ρ(g) ◦ u ◦ ρ(g)−1. Moreover, this action factors through the image G′ of G in
AutΛ(V )/Λ
×, which is a finite group. Thus we can form the projector
P : End(V )→ End(V )
u 7→
1
|G′|
∑
g∈G′
g · u,
whose image is the space of endomorphisms of (V, ρ). If an element π of End(V ) is a projector
onto a G-stable subspace W , then g · π is a projector onto W as well for each g in G′, hence P (π)
is a projector onto W which commutes with the action of G. Thus W is a direct summand of V in
the additive category RepΛ(G,µ). We thus obtain the following extension of Maschke’s theorem:
Proposition 2.31. Let (G,µ) be a Λ-twisted topological group, where Λ is an ℓ-adic coefficient
ring in which ℓ is invertible. Then any object of RepfinΛ (G,µ) is semisimple.
In particular, the indecomposable objects of RepfinΛ (G,µ) are irreducible. Let us introduce the
Grothendieck group of the category RepfinΛ (G,µ):
Definition 2.32. Let (G,µ) be a Λ-twisted topological group. The Grothendieck groupKfin0 (G,µ,Λ)
is the quotient of the free abelian group with basis ([V ])V indexed by all Λ-admissible representa-
tions of (G,µ) with finite projective image and whose underlying Λ-module is Λn for some integer
n, by the relations
[V ′] + [V ′′]− [V ],
16 QUENTIN GUIGNARD
whenever V is an extension of V ′ by V ′′ in RepfinΛ (G,µ). If G is finite, the group K
fin
0 (G,µ,Λ) is
simply denoted by K0(G,µ,Λ).
Remark 2.33. The class of Λ-admissible representations of (G,µ) may not form a set, hence the
unnatural restriction to Λ-modules which are Λn for some n, rather than being merely isomorphic
to Λn for some n.
If V is a Λ-admissible representation of (G,µ) with finite projective image, then V is isomorphic
to a representation V ′ whose underlying Λ-module is Λn for some integer n, and the class of [V ′]
in Kfin0 (G,µ,Λ) depends only on V . This class will be simply denoted by [V ]. By Corollary 2.31,
if ℓ is invertible in Λ then the group Kfin0 (G,µ,Λ) is a free abelian group, with basis given by the
classes [V ] where V is an (isomorphism class of) irreducible Λ-admissible representation of (G,µ)
with finite projective image.
Before proceeding further, let us recall Brauer’s induction theorem for finite groups:
Theorem 2.34 ([Se98], 10.5 Th. 20). If G is a finite group, then the abelian group K0(G, 1, C) is
generated by the classes of representations of the form IndGHV , where H is a subgroup of G and V
is a one-dimensional C-linear representation of H.
Brauer’s induction theorem 2.34 is a consequence of the following two results:
(1) If G is a finite group, then K0(G, 1, C) is generated by the classes of representations of
the form IndGHV , where H is a nilpotent subgroup of G, and where V is an irreducible
representation of H .
(2) Any irreducible C-linear representation of a finite nilpotent groupG is isomorphic to IndGHV
for some subgroup H and some one-dimensional representation V of H .
Moreover, it is sufficient for the first of these results to prove that the class of the trivial repre-
sentation of G is a linear combination in K0(G, 1) of representations of the form Ind
G
HV , where
H is a nilpotent subgroup of G. We refer to ([Se98], 10) for proofs of these results, and for a
more complete discussion of Brauer’s theorem. We will also need the following variant of Brauer’s
theorem:
Theorem 2.35 ([De73], Prop. 1.5). If G is a finite group, then the abelian group K0(G, 1, C)
is generated by the class [C] of the trivial representation of G and by the classes of the form
[IndGHV ]−[Ind
G
HC], where H is a subgroup of G and V is a one-dimensional C-linear representation
of H.
We will need an extension of Brauer’s theorem to continous representations of twisted groups
with finite projective image:
Theorem 2.36. Let (G,µ) be a C-twisted topological group. Then the group Kfin0 (G,µ,C) (cf.
2.32) is generated by the classes of C-admissible representations of the form IndGHV , where H is
an open subgroup of finite index in G and V is a one-dimensional C-admissible representation of
(H,µ|H).
Indeed, let (V, ρ) be an object of RepfinC (G,µ), and let us consider the subgroup G
′ = C×ρ(G) of
AutC(V ) generated by the image of ρ and by homotheties. The topological group G′ is a central
extension of the finite groupG′/C× by C×. By Proposition 2.23, there exists a set-theoretic section
σ from G′/C× to G′ such that σ(1) = 1, whose associated 2-cocycle is unitary. There exists a
unique continuous map λ : G→ C× such that
σ(ρ(g)C×) = λ(g)ρ(g),
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for all g in G, and we have λ(1) = 1. By replacing (V, ρ) and (G,µ) by (V, λρ) and (G, d(λ)µ)
respectively (cf. 2.15), we can therefore assume (and we do) that µ is unitary and that the set
ρ(G) is finite.
Since µ is now assumed to be unitary, we can choose Z to be a finite subroup of C× in 2.25.
Moreover, the representation (V, ρ∗) of G∗ corresponding to (V, ρ) by Proposition 2.26 has finite
image, namely Zρ(G). By applying Brauer’s induction theorem 2.34 to the finite group ρ∗(G∗),
we obtain a decomposition
[V ] =
∑
i∈I
ni[Ind
G∗
Hiχi],(2.36.1)
in Kfin0 (G
∗, 1), where ni is a (possibly negative) integer, Hi is an open subgroup of finite index
in G∗ and χi is a continuous character of Hi with finite image. Since Z is central in G∗, the
decomposition of a representation into the isotypical components of its restriction to Z yields a
splitting
Kfin0 (G
∗, 1) =
⊕
ζ′:Z→C×
Kfin0 (G
∗, 1)[ζ′],
where ζ′ runs through the set of characters of Z, and Kfin0 (G
∗, 1)[ζ′] is generated by continuous
linear representations of G∗ with finite projective image and ζ′-isotypical restriction to Z. By
projecting the relation 2.36.1 onto the factor corresponding to ζ, we obtain
[V ] =
∑
i∈I
ni[Ind
G∗
Hiχi[ζ]],
in the abelian group Kfin0 (G
∗, 1)[ζ], where we denoted by [ζ] the ζ-isotypical component.
For each i in I, we can identify the representation IndG
∗
Hiχi with the C-vector space
{f : G∗ → C | ∀h ∈ Hi, g ∈ G
∗, f(hg) = χi(h)f(g)},
endowed with the action (g · f)(x) = f(xg) for g, x in G∗. The ζ-isotypical component is then the
subspace of functions f : G∗ → C such that f(gh) = ζ(h)f(g) for all h in Z and all g in G∗. Thus
the ζ-isotypical component vanishes whenever χi and ζ do not coincide on Hi ∩ Z. On the other
hand, if χi and ζ do coincide on Hi ∩Z, then there exists a unique character ψi of ZHi such that
ψi|Z = ζ and ψi|Hi = χi, in which case
IndG
∗
Hiχi[ζ] = {f : G
∗ → C | ∀h ∈ ZHi, g ∈ G
∗, f(hg) = ψi(h)f(g)},
= IndG
∗
ZHiψi.
If Gi is the image in G of ZHi, then Gi is an open subgroup of finite index in G, and ψi yields a
continuous one-dimensional linear representation of (Gi, µ|Gi), such that the relation
V =
∑
i∈I
χi|Hi∩Z=ζ|Hi∩Z
ni[Ind
G
Giψi]
holds in Kfin0 (G,µ) (cf. 2.26, 2.27), hence the conclusion of Theorem 2.36.
2.37. Let (G,µ) be a profinite C-twisted topological group (cf. 2.11), and let us consider an
extension
1→ I
ι
−→ Q
π
−→ G→ 1,
of profinite topological groups. It is assumed that G carries the quotient topology from Q. Then
the formula (π∗µ)(x, y) = µ(π(x), π(y)) for x, y in Q defines a multiplier on Q, so that (Q, π∗µ) is
a C-twisted topological group, and π is a morphism of C-twisted topological groups (cf. 2.11).
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Proposition 2.38. Assume that there exists a closed normal subgroup Iℓ of I of profinite order
coprime to ℓ such that I/Iℓ is a free pro-ℓ-group on one generator. Let (V, ρ) be an irreducible
C-admissible representation of (Q, π∗µ). Then there exists a closed subgroup I ′ of I, normal in Q,
such that:
(i) the image ρ(I ′) of I ′ by ρ is finite;
(ii) the quotient group I/I ′ is topologically of finite type, and its centralizer in Q/I ′ is open.
Indeed, the group G = Q/I acts on the free pro-ℓ-group I/Iℓ through a continuous character
χ : G→ Z×ℓ . If χ has finite image, then its kernel is open, hence the centralizer of I/Iℓ is open in
Q/Iℓ, and one may therefore take I ′ = Iℓ. One should note that Iℓ must be normal in Q, since it
is a characteristic subgroup of I.
We henceforth assume that χ has infinite image. We will show that in this case the image
ρ(I) is finite, so that one can take I ′ = I. Since ρ(Iℓ) is finite, there exists an open subgroup
Q′ of Q such that ρ(Q′ ∩ Iℓ) is trivial. By replacing (Q, V ) with (Q′/Q′ ∩ Iℓ, V ′), for irreducible
subrepresentations V ′ of the semisimple representation V|Q′ of (Q′, π∗µ|Q′), we can assume (and
we henceforth do) that Iℓ is trivial. Let t be a topological generator of the free pro-ℓ-group I. For
any element g of G, the automorphism ρ(t)χ(g) is a conjugate of ρ(t). Since χ has infinite image,
this implies that the eigenvalues of ρ(t) are roots of unity. In particular there exists an integer
m such that ρ(t)m is unipotent. The kernel of ρ(t)m − IdV is then a non zero sub-C-admissible
representation of (V, ρ), hence ρ(t)m = IdV by irreducibility of (V, ρ). Thus the image of I by ρ is
finite.
Proposition 2.39. Let us assume that there exists a finite subgroup I ′ of I, normal in Q, such
that the quotient group I/I ′ is topologically finitely generated, with open centralizer in Q/I ′. Then
the centralizer of I in Q is open. Moreover, any C-admissible representation of (Q, π∗µ) over C,
which is irreducible as a representation of I, has finite projective image.
By assumption, there exists an open subgroup Q0 of Q whose image in Q/I ′ centralizes I/I ′.
Let Σ be a finite subset of I whose image in I/I ′ generates a dense subgroup. By replacing Σ with
Σ ∪ I ′, we can assume (and we do) that Σ generates a dense subgroup of I. For any element t
of Σ, the set of commutators [Q0, t] is contained in the finite group I ′. By continuity of each of
the maps q → [q, t] = qtq−1t−1 from the profinite topological space Q0 to the discrete topological
space I ′, there exists an open subgroup Q1 of Q0 such that we have [q, t] = 1 for any elements q
and t of Q1 and Σ respectively. In particular, the open subgroup Q1 of Q centralizes Σ, as well
as the closed subgroup generated by the latter finite set, namely I. The centralizer of I in Q thus
contains Q1, and is consequently open in Q.
The last assertion of Proposition 2.39 is proved as follows: if (V, ρ) is a C-admissible represen-
tation of (Q, π∗µ), which is irreducible as a representation of I, then Schur’s lemma ensures that
any element of Q centralizing I acts on V as a homothety. Since the centralizer of Q in I is open,
hence of finite index in Q, the projective image of ρ is finite.
Proposition 2.40. Let (G,µ) be a profinite C-twisted topological group, and let
1→ I
ι
−→ Q
π
−→ G→ 1,
be an extension of profinite topological groups, where G (resp. I) carries the quotient topology
(resp. induced topology) from Q.
Let (V, ρ) be a C-admissible representation of (Q, π∗µ), such that (V, ρι) is a semisimple C-
admissible representation of I and let us assume that there exists a closed subgroup I ′ of I, normal
in Q, such that:
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(i) the image ρ(I ′) of I ′ by ρ is finite;
(ii) the quotient group I/I ′ is topologically of finite type, and its centralizer in Q/I ′ is open.
Then there exists a finite family (Gj)j∈J of open subgroups of finite index in G, and for each
j, a C-admissible multiplier νj on Gj, a C-admissible representation Wj of (Gj , µν
−1
j ), and a
C-admissible representation Ej of (Qj , π
∗νj), where Qj = π
−1(Gj), such that:
(1) for each j in J , the twisted representation Ej has finite projective image, its restriction to
I is irreducible, and the action of I on Ej factors through ρ(I);
(2) the C-admissible representation (V, ρ) of Q is isomorphic to the direct sum⊕
j∈J
IndQQj (Ej ⊗C π
∗Wj).
Remark 2.41. Even if we start with a genuine representation of Q, namely if µ = 1, then the
cocycles νj appearing in Proposition 2.40 are usually not trivial, nor cohomologically trivial.
Remark 2.42. Let (V, ρ) be a semisimple C-admissible representation of (Q, π∗µ). Then its
restriction to I is semisimple as well. If moreover the conditions (i) and (ii) of Proposition 2.40
are fulfilled by some closed subgroup I ′ of I, then we can apply Proposition 2.40 to (V, ρ). The
C-admissible representations Wj of (Gj , µν
−1
j ) can then be taken to be semisimple. Indeed, we
can assume (V, ρ) to be irreducible, in which case each factor Wj either vanishes or is irreducible.
Remark 2.43. If µ is unitary, then the multipliers νj which appear in Proposition 2.40 can be
taken to be unitary as well. Indeed, one can assume that each Wj is non zero, and thus by
Proposition 2.18, there exists for each j a C-admissible map λj : Gj → C× such that λj(1) = 1
and such that νjd(λj) is unitary. Twisting Ej and Wj by λj ◦ π and λ
−1
j respectively (cf. 2.15)
then leaves the tensor product Ej ⊗C π∗Wj unaltered.
Let us prove Proposition 2.40. Let (V, ρ) and I ′ as in Proposition 2.40. The subgroup K =
I ∩ ker(ρ) of Q is normal and closed. By replacing (Q, I) with (Q/K, I/K), we can assume (and
we do) that the restriction of (V, ρ) to I is faithful, so that I ′ is a finite subgroup of I by the
assumption (i). Since the restriction of π∗µ to I is trivial, the restriction ι∗V is a honest linear
representation of I, which is moreover semisimple by assumption.
For each isomorphism class χ of irreducible representations of I, let V [χ] be the χ-isotypical
component of (V, ρι). Let X be the set of isomorphism classes of irreducible representations χ such
that V [χ] is non zero, so that we have a decomposition
V =
⊕
χ∈X
V [χ].
Let us denote by ϕ : Q → Aut(I) the action of Q on I by automorphisms given by conjugation
by an element of Q, i.e. sending an element q of Q to (t 7→ qtq−1). The homomorphism ϕ is
continuous with finite image, when Aut(I) is endowed with the discrete topology, since its kernel
is open in Q by Proposition 2.39.
The group Q acts continuously on the left on the finite discrete set X by q ·χ = χ ◦ϕ(q)−1, and
ρ(q) sends V [χ] onto V [q ·χ]. This action factors through π, so that we obtain a continuous action
of G on X . Let J be the set of G-orbits in X and for each j in J , let χj be a member of the orbit
j. Let Gj be the stabilizer of χj in G, and let Qj be its inverse image in Q. Then the action of Q
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on V restricts to an action of Qj on V [χj ], and the homomorphism
IndQQj (V [χj ])→
⊕
q∈Q/Qj
V [qχj ] =
⊕
χ∈j
V [χ]
[q]⊗ v 7→ ρ(q)v
is an isomorphism. Thus V is isomorphic to the direct sum⊕
j∈J
IndQQj (V [χj ]).
Let (Ej , ρj) be an irreducible representation of I in the class χj , and let
Wj = HomC[I](Ej , V ) = HomC[I](Ej , V [χj ]),
considered as a trivial representation of I, so that the C-linear homomorphism
Ej ⊗C Wj → V [χj ]
e⊗ w 7→ w(e),
(2.43.1)
is an isomorphism of representations of I.
For each ψ in Aut(I) such that χj ◦ ψ−1 = χj , the representations (Ej , ρj) and (Ej , ρj ◦ ψ−1)
are isomorphic, hence there exists a C-linear automorphism λj(ψ) of Ej such that
ρj ◦ ψ
−1(t) = λj(ψ)
−1ρj(t)λj(ψ),
for all t in I. We can take λj(idI) = idEj . Note that Schur’s lemma implies that λj(ψ) is uniquely
determined up to multiplication by an invertible scalar, and that if we denote by Aut(I)χj the
subgroup of Aut(I) formed by the elements ψ of Aut(I) such that χj ◦ ψ−1 = χj , then the
composition
Aut(I)χj
λj
−→ AutC(Ej)→ AutC(Ej)/C
×,
is a group homomorphism.
Let σ be a continuous section of the continuous map π, such that σ(1) = 1. Such a section
always exists by ([Se97], I.1.2, Prop. 1). For q = σ(g)t in Qj, with t in I and g in Gj (so that
g = π(q)), we set
ρ˜j(q) = (λj ◦ ϕ ◦ σ)(g)ρj(t).
For t in I, the automorphism λj(ϕ(t)) differs from ρj(t) only by an invertible scalar, hence for each
q in Qj , the automorphism ρ˜j(q) differs from λj ◦ ϕ(q) by an invertible scalar. In particular, the
projective image of ρ˜j is finite, since ϕ has finite image.
Lemma 2.44. For each j in J , there exists a unique multiplier νj on Gj such that (Ej , ρ˜j) is a
continuous linear representation of (Qj , π
∗νj) with finite projective image.
Assuming the conclusion of Lemma 2.44, we can conclude the proof of Proposition 2.40 as
follows. We first notice that the continuous map
Qj → AutC(Wj)
q 7→ (w 7→ ρ(q) ◦ w ◦ ρ˜j(q)
−1).
is right I-invariant, hence uniquely factors as τj ◦ π|Qj , where τj is a continuous map from Gj to
AutC(Wj). One then checks that (Wj , τj) is a C-admissible representation of (Gj , µν
−1
j ), so that
(2.43.1) is an isomorphism of C-admissible representations of (Qj , π∗µ). Thus the decomposition
V ≃
⊕
j∈J
IndQQj (Ej ⊗C π
∗Wj).
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provides the wanted conclusion.
2.45. Let us now prove Lemma 2.44. The maps λj and ϕ|Qj are both continuous when Aut(I)χj
is endowed with the discrete topology, hence ρ˜j is continuous. Let us write
c(g1, g2) = σ(g2)
−1σ(g1)
−1σ(g1g2) ∈ I.
If q1 = σ(g1)t1 and q2 = σ(g2)t2 are elements of Gj , with t1, t2 in I, then we have
q1q2 = σ(g1g2)(c(g1, g2)
−1(σ(g2)
−1t1σ(g2))t2),
so that we have
ρ˜j(q1)ρ˜j(q2) = (λj ◦ ϕ ◦ σ)(g1)ρj(t1)(λj ◦ ϕ ◦ σ)(g2)ρj(t2)
= (λj ◦ ϕ ◦ σ)(g1)(λj ◦ ϕ ◦ σ)(g2)ρj(σ(g2)
−1t1σ(g2)t2)
= (λj ◦ ϕ ◦ σ)(g1)(λj ◦ ϕ ◦ σ)(g2)(ρj ◦ c)(g1, g2)(λj ◦ ϕ ◦ σ)(g1g2)
−1ρ˜j(q1q2).
Let us define
νj(g1, g2) = (λj ◦ ϕ ◦ σ)(g1)(λj ◦ ϕ ◦ σ)(g2)(ρj ◦ c)(g1, g2)(λj ◦ ϕ ◦ σ)(g1g2)
−1,
so that we have
ρ˜j(q1)ρ˜j(q2) = νj(g1, g2)ρ˜j(q1q2).(2.45.1)
It remains to show that νj defines a multiplier on Gj , i.e. that νj(g1, g2) takes values in C× and
that it satisfies the cocycle formula (2.9.1). We noticed that for each q in Qj, the automorphism
ρ˜j(q) differs from λj ◦ϕ(q) by an invertible scalar (cf. the discussion before Lemma 2.44). Thus, we
have r ◦ ρ˜j = r ◦ λj ◦ ϕ, where r is the projection from AutC(Ej) to AutC(Ej)/C×. In particular,
since r ◦ λj is a group homomorphism, so is r ◦ ρ˜j . This implies that r ◦ νj is identically equal to
1. Thus νj takes values in C×, and the formula (2.45.1) then implies that νj satisfies the cocycle
condition (2.9.1). Consequently, (Ej , ρ˜j) is a C-admissible representation of (Qj , π∗νj).
2.46. Let (G,µ) be a C-twisted profinite topological group (cf. 2.11). Let us consider an extension
1→ I
ι
−→ Q
π
−→ G→ 1,
of profinite topological groups, where G (resp. I) carries the quotient topology (resp. induced
topology) from Q. Let K0(Q, π∗µ,C) be the Grothendieck group of C-admissible representations
of (Q, π∗µ). Thus any C-admissible representation V of (Q, π∗µ) has a well defined class [V ] in
K0(Q, π
∗µ,C), and the latter is generated by such classes with relations [V ] = [V ′] + [V ′′] for each
short exact sequence
0→ V ′ → V → V ′′ → 0,
of C-admissible representations of (Q, π∗µ).
Proposition 2.47. Let us consider an extension
1→ I
ι
−→ Q
π
−→ G→ 1,
of profinite topological groups, where G (resp. I) carries the quotient topology (resp. induced
topology) from Q. Assume that there exists a closed normal subgroup Iℓ of I of profinite order
coprime to ℓ such that I/Iℓ is a free pro-ℓ-group on one generator.
Then the abelian group ⊕
µ
K0(Q, π
∗µ,C),
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where the sum runs over all unitary C-admissible multipliers µ on G, and K0(Q, π
∗µ,C) is as in
2.46, is generated by its subset of elements of the following two types:
(1) the class [C] in K0(Q, 1, C),
(2) for any unitary C-admissible multiplier µ on G, any open subgroup Q′ of Q, with image
G′ in G, any unitary C-admissible multipliers µ1 and µ2 on G
′ such that µ1µ2 = µ|G′ , any
C-admissible representation E of (Q′, π∗µ1) of rank 1 and any irreducible C-admissible
representation W of (G′, µ2), the class
[IndQQ′(E ⊗W )]− rk(W )[Ind
Q
Q′(C)],
in the sum of K0(Q, π
∗µ,C) and K0(Q, 1, C).
Let V be a C-admissible representation of (Q, π∗µ), for some unitary C-admissible multiplier µ
on G. We must prove that the class [V ] belongs to the group generated by the classes described
in Proposition 2.47. We can assume (and we do) that V is irreducible. By Proposition 2.38,
the representation V then satisfies the assumptions of Proposition 2.40. Thus Proposition 2.40,
together with Remarks 2.42 and 2.43, yield that V is of the form IndQQ′(E ⊗ π
∗W ), where Q′ is
an open subgroup of Q containing I, where E is a C-admissible representation of (Q′, π∗µ1) with
finite projective image, whose restriction to I is irreducible, and W is an irreducible C-admissible
representation of (G′, µ2), for some unitary C-admissible multipliers µ1 and µ2 on the image G′ of
Q′ in G, such that µ1µ2 = µ|G′ .
By Proposition 2.39 and Theorem 2.36, we can assume (and we do) that E is of the form
IndQ
′
Q′′V1, where Q
′′ is an open subgroup of Q′, and where V1 is a C-admissible representation of
rank 1 of (Q′′, π∗µ1). We then have an isomorphism
V = IndQQ′(Ind
Q′
Q′′V1 ⊗ π
∗W ) ∼= Ind
Q
Q′′(V1 ⊗ π
∗W ),
hence a decomposition
[V ] =
(
[IndQQ′′ (V1 ⊗ π
∗W )]− rk(W )[IndQQ′′C]
)
+ rk(W )[IndQQ′′C].
The first term in this decomposition is of the required type (2), while the last term [IndQQ′′C]
belongs to the subgroup ofK0(Q, 1, C) generated by elements of type (1) or of type (2) (with trivial
multipliers µ, µ1, µ2 and with trivial factor W ): indeed, the group Q acts on Ind
Q
Q′′C through a
finite quotient, hence the result follows from Theorem 2.35.
2.48. Let G be a profinite group, and let K0(G,Λ) be the Grothendieck group K0(G, 1,Λ) of
virtual Λ-admissible (untwisted) representations of G, cf. 2.46. We have a decomposition homo-
morphism
d : K0(G,Qℓ)→ K0(G,Fℓ),
cf. ([Se98], 15.2), such that for any Zℓ-admissible representation of G on a free Zℓ-module of finite
rank, we have
d([V [ℓ−1]]) = [V/mV ],
where m is the maximal ideal of Zℓ. The homomorphism d is surjective by ([Se98], 16.1 Th.33).
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2.49. Let G be a profinite group and let µ be a unitary Fℓ-admissible 2-cocycle on G. We also
denote by µ the Teichmüller lift of µ to Zℓ. Let Z be a finite subgroup of Zℓ
×
, of order coprime to
ℓ, containing the image of µ, and let G∗ be the central extension of G by Z induced by µ, cf. 2.25.
For any Λ-admissible representation V of G∗, we have a splitting
V =
⊕
ζ:Z→Λ×
V [ζ],
where the sum runs over homomorphisms from Z to Λ×, and V [ζ] is the ζ-isotypic component
of the restriction of V to Z. Let us denote by K0(G∗,Λ)[ζ] the Grothendieck group of virtual
Λ-admissible representations of G∗ on which Z acts through ζ. We thus have a splitting
K0(G
∗,Λ) =
⊕
ζ:Z→Λ×
K0(G
∗,Λ)[ζ].
The decomposition homomorphism
d : K0(G
∗,Qℓ)→ K0(G
∗,Fℓ),
cf. 2.48, respects this splitting. Since d is surjective, it induces a surjective homomorphism
d : K0(G
∗,Qℓ)[ζ]→ K0(G
∗,Fℓ)[ζ],
for any ζ. If we take ζ to be the canonical inclusion from Z into Zℓ
×
, we obtain a surjective
decomposition homomorphism
K0(G,µ,Qℓ)→ K0(G,µ,Fℓ),
which sends the class V [ℓ−1], for any µ-twisted Zℓ-admissible representation of G on a free Zℓ-
module of finite rank, to the class of V/mV , where m is the maximal ideal of Zℓ.
3. Twisted ℓ-adic sheaves
Let k be a perfect field, and let k be an algebraic closure of k. We denote by Gk = Gal(k/k) the
Galois group of the extension k/k, and For any k-scheme X , and for any k-algebra k′, we denote
by Xk′ the fiber product of X and Spec(k′) over Spec(k). The group Gk acts on the left on k,
and thus acts on the right on Xk. Let Λ be an ℓ-adic coefficient ring (cf. 2.2). We fix a unitary
Λ-admissible mutiplier µ on the topological group Gk (cf. 1.13, 2.9, 2.10).
Definition 3.1. A finite Galois extension k′/k contained in k is said to neutralize µ if µ is the
pullback of a multiplier on the finite quotient Gal(k′/k) of Gk.
By 2.1, the unitary multiplier µ is neutralized by some finite Galois extension of k.
3.2. Assume that Λ is a finite ℓ-adic coefficient ring, and let X be a k-scheme. We denote by
Loc(X,Λ) the category of locally constant constructible Λ-modules on the small étale site of X .
Moreover, we denote by Sh(X,Λ) the abelian category of constructible sheaves of Λ-modules on
the small étale site of X . Thus an object F of Sh(X,Λ) is a Λ-module in the étale topos of X , such
that for any affine open subset U of X , there exists a finite partition U = ⊔j∈JUj into constructible
locally closed subschemes, such that F|Uj belongs to Loc(X,Λ).
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3.3. Assume that Λ is the ring of integers in a finite subextension of Qℓ in C, and let X be
a locally noetherian k-scheme. We denote by Sh(X,Λ) (resp. Loc(X,Λ)) the inverse 2-limit of
the categories Sh(X,Λ/ℓn) (resp. Loc(X,Λ/ℓn)) where n ranges over all integers (cf. 3.2). Thus
the objects of Loc⊗(G,Λ) are projective systems (Fn)n≥1 where Fn is a multiplicative Λ/ℓn-local
system on G, such that the transition maps Fn+1 → Fn induce isomorphisms Fn+1⊗Λ/ℓn → Fn,
for each integer n.
The category Sh(X,Λ) is abelian by ([SGA5], VI 1.1.3).
3.4. Assume that Λ is a finite subextension of Qℓ in C, and letX be a locally noetherian k-scheme.
Let Λ0 be the ring of integers in Λ. We denote by Sh(X,Λ) the quotient of the abelian category
Sh(X,Λ0) by the thick subcategory of torsion Λ0-sheaves, cf. ([De80], 1.1.1(c)), and by Loc(X,Λ)
the essential image of Loc(X,Λ0) in Sh(X,Λ). In particular, the category Sh(X,Λ) is abelian.
The natural functor Sh(X,Λ0) → Sh(X,Λ) is essentially surjective, and will be denoted by
⊗Λ0Λ. If X is noetherian then the natural homomorphism
HomΛ0(F ,G)⊗Λ0 Λ→ HomΛ(F ⊗Λ0 Λ,G ⊗Λ0 Λ),
is an isomorphism for any objects F and G of Sh(X,Λ0).
3.5. Let X be a locally noetherian k-scheme. We denote by Sh(X,Λ) (resp. Loc(X,Λ)) the 2-
colimit of the categories Sh(X,Λ0), where Λ0 ranges over admissible ℓ-adic subrings of Λ (cf. 2.2).
For Λ = C, this coincides with ([De80], 1.1.1(d)). We will simply refer to objects of Sh(X,Λ) (resp.
Loc(X,Λ)) as Λ-sheaves on X (resp. Λ-local systems on X). The category Sh(X,Λ) is abelian,
since it is a filtered 2-colimit of abelian categories.
3.6. Let X be a locally noetherian k-scheme. Let Λ → Λ′ be a continuous homomorphism of
ℓ-adic coefficient rings. If Λ and Λ′ are admissible, we define a functor
⊗ΛΛ
′ : Sh(X,Λ)→ Sh(X,Λ′),
as follows:
(1) if Λ is finite then so is Λ′, and ⊗ΛΛ′ is the functor which sends a Λ-sheaf F to the tensor
product F ⊗Λ Λ′,
(2) if Λ and Λ′ are rings of integers in finite extensions of Qℓ, then ⊗ΛΛ′ is the functor which
sends a projective system (Fn)n≥1 as in 3.3 to (Fn ⊗Λ/ℓn Λ′/ℓn)n≥1
(3) if Λ is a ring of integers in a finite extension of Qℓ and if Λ′ is finite, then ⊗ΛΛ′ is the
functor which sends a projective system (Fn)n≥1 as in 3.3 to Fn ⊗Λ/ℓn Λ′, where n is an
integer such that ℓn vanishes in Λ′.
(4) if Λ is the ring of integers in a finite extension of Qℓ, and if Λ′ is a finite extension of Qℓ with
ring of integers Λ′0, then ⊗ΛΛ
′ is the functor which sends a Λ-sheaf F to (F ⊗ΛΛ′0)⊗Λ′0 Λ
′,
cf. 3.4.
(5) if Λ and Λ′ are finite extensions of Qℓ, and if Λ0 is the ring of integers in Λ, then ⊗ΛΛ′ is
a functor which sends F ⊗Λ0 Λ to F ⊗Λ0 Λ
′ for any Λ0-sheaf F .
In general we let ⊗ΛΛ′ be the 2-colimit of the functors
⊗Λ0Λ
′
0 : Sh(X,Λ0)→ Sh(X,Λ
′
0),
where Λ0 and Λ′0 are admissible ℓ-adic subrings of Λ and Λ
′ respectively, such that Λ′0 contains
the image of Λ0 in Λ′.
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3.7. Let X be a locally noetherian k-scheme. Let k′/k be a finite Galois subextension of k
neutralizing µ (cf. 3.1). A µ-twisted Λ-sheaf on X , is a pair F = (Fk′ , (ρF(g))g∈Gal(k′/k)),
where Fk′ is Λ-sheaf on Xk′ (cf. 3.5), and ρF (g) : g−1Fk′ → Fk′ is an isomorphism for each g in
Gal(k′/k), such that the diagram
g−1h−1Fk′ g
−1Fk′ Fk′
g−1ρF (h) ρF (g)
µ(g, h)ρF (gh)
is commutative for any g, h in Gal(k′/k). In particular, the endomorphism ρF (1) is the identity of
F . If F and G are µ-twisted Λ-sheaves on X , a morphism from F to G is a morphism f : Fk′ → Gk′
in Sh(Xk′ ,Λ) such that f ◦ ρF (g) = ρG(g) ◦ (g−1f) for any g in Gal(k′/k).
Remark 3.8. Since the action of Gal(k′/k) on Xk′ is a right action, we have (gh)−1 = g−1h−1
on Sh(Xk′ ,Λ).
If k′′/k′ is a finite extension contained in k such that k′′ is a Galois extension of k, then k′′/k
neutralizes µ as well. If π is the projection from Gal(k′′/k) to Gal(k′/k), then, by descent along
the Gal(k′′/k′)-torsor Xk′′ → Xk′ , the functor
(Fk′ , (ρF (g))g∈Gal(k′/k)) 7→ (Fk′|Xk′′ , (ρF (π(g))g∈Gal(k′′/k)),
is an equivalence between the corresponding categories of µ-twisted Λ-sheaves on X . We denote by
Sh(X,µ,Λ) the 2-limit of these categories along the filtered set of Galois extension of k contained
in k which neutralizes µ. The category Sh(X,µ,Λ) is abelian.
If Λ→ Λ′ is a continuous homomorphism of ℓ-adic coefficient rings, the natural functor
Sh(X,µ,Λ)→ Sh(X,µ,Λ′),
will be denoted ⊗ΛΛ′.
3.9. Let k′′ be a finite extension of k, and letX be a locally noetherian k′′-scheme. Let Σ be the set
of morphisms of k-algebras from k′′ to k. Let k′/k be a finite Galois subextension of k neutralizing
µ (cf. 3.1) and containing the image of any element of Σ. We thus have a decomposition
X ⊗k k
′ =
∐
ι∈Σ
Xι,
where Xι is the k′-scheme X ⊗k′′,ι k′. In particular, a Λ-sheaf on Xk′ can be considered as a
collection (Fι)ι∈Σ, where Fι is a Λ-sheaf onXι for each ι. Moreover, if F = (Fk′ , (ρF(g))g∈Gal(k′/k))
is a µ-twisted Λ-sheaf on the k-scheme X , then Fk′ is a Λ-sheaf on Xk′ , and its component (Fk′ )ι
is a µ|Gal(k/ι(k′′))-twisted Λ-sheaf on the k
′′-scheme X .
Proposition 3.10. Let X and k′′ be as in 3.9. Let ι be an element of Σ, let Gal(ι) be the Galois
group of the extension ι : k′′ → k, and let µk′′ be the restriction of µ to Gk′′ . The functor which
sends a µ-twisted Λ-sheaf F = (Fk′ , (ρF (g))g∈Gal(k′/k)) on the k-scheme X to the µk′′ -twisted
Λ-sheaf ((Fk′ )ι, (ρF (g)ι)g∈Gal(ι)) on the k
′′-scheme X, is an equivalence of categories.
Indeed, a quasi-inverse to the functor from Proposition 3.10 can be described as follows. If
(Fι, ρF(g))g∈Gal(ι) is a µk′′ -twisted Λ-sheaf on the k′′-scheme X , then for each ι′ in Σ, we define
Fι′ to be the sub-Λ-sheaf of ∏
g∈Gal(k′/k)
gι=ι′
g−1Fι,
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on Xι′ , consisting of sections (sg)g such that for any g in Gal(k′/k) with gι = ι′ and any element
h of Gal(ι), we have
sgh = µ(g, h)ρF (h)
−1sg.
The collection (Fι′)ι′∈Σ yields a Λ-sheaf on Xk′ which is naturally endowed with a structure
(ρF (g))g∈Gal(k′/k) of µ-twisted Λ-sheaf on the k-scheme X . For each h in Gal(k′/k) and for
each ι′ in Σ, the morphism ρF (h)ι′ sends a section (sg)gι=h−1ι′ of h−1Fh−1ι′ to the section
(µ(h, h−1g)sh−1g)gι=ι′ of Fι′ .
3.11. Assume that Λ is the ring of integers in a finite subextension of Qℓ in C, let X be a locally
noetherian k-scheme. Then the natural functor
Sh(X,µ,Λ)→ 2-limn Sh(X,µ,Λ/ℓn),
where n runs over all positive integers, is an equivalence of categories. Indeed, if k′/k is a finite
Galois extension contained in k which neutralizes µ, then the natural functor
Sh(Xk′ ,Λ)→ 2-limn Sh(Xk′ ,Λ/ℓn),
is an equivalence of categories by definition, cf. 3.3. Moreover, if F = (Fn)n≥1 is an object of
Sh(Xk′ ,Λ), then we have
HomΛ(g
−1F ,F) = limHomΛ/ℓn(g
−1Fn,Fn),
for any g in Gal(k′/k), hence a structure of µ-twisted Λ-sheaf on F amounts to a compatible system
of structures of µ-twisted Λ-sheaves on each Fn.
3.12. Assume that Λ is a finite subextension of Qℓ in C, with ring of integers Λ0 ⊆ Λ, let X be a
locally noetherian k-scheme. Then µ takes its values in Λ0, and the natural functor
Sh(X,µ,Λ0)→ Sh(X,µ,Λ)(3.12.1)
induces an equivalence from the quotient of Sh(X,µ,Λ0) by its subcategory of torsion objects, to
the category of µ-twisted Λ-sheaves on X . Unlike 3.11, this statement is not entirely tautological.
By glueing, we can assume (and we do) that X is noetherian. Let k′/k be a finite Galois
subextension of k, with Galois group G = Gal(k′/k), which neutralizes µ (cf. 3.1). For any objects
F and G of Sh(X,µ,Λ0), the natural homomorphism
HomΛ0(Fk′ ,Gk′ )⊗Λ0 Λ→ HomΛ(Fk′ ⊗Λ0 Λ,Gk′ ⊗Λ0 Λ),
is an isomorphism, cf. 3.4. Moreover, we have an exact sequence
0→ HomΛ0(F ,G)→ HomΛ0(Fk′ ,Gk′ )
f 7→(fρF (g)−ρG(g)(g
−1f))g
−−−−−−−−−−−−−−−−−−→
∏
g∈Gal(k′/k)
HomΛ0(g
−1Fk′ ,Gk′ ).
By flatness of the ring homomorphism Λ0 → Λ, we deduce that the natural homomorphism
HomΛ0(F ,G)⊗Λ0 Λ→ HomΛ(F ⊗Λ0 Λ,G ⊗Λ0 Λ),
is an isomorphism as well, hence the full faithfullness of the functor (3.12.1).
It remains to prove that the functor (3.12.1) is essentially surjective. Let (Fk′ , (ρF (g))g∈G) be
a pair representing an object F of Sh(X,µ,Λ). Let H be a torsion free Λ0-sheaf on Xk′ such that
Fk′ is isomorphic to H ⊗Λ0 Λ. For a sufficiently large integer n, we have for each element g of G
a homomorphism ρ˜F(g) from g−1H to H, which induces the homomorphism ℓnρF (g) from g−1Fk′
to Fk′ . Let us consider the homomorphism
θ :
⊕
h∈G
h−1H → H,
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given by ρ˜F (h) on the component h−1H. We endow the source H′ =
⊕
h∈G h
−1H of θ with a
structure of µ-twisted Λ0-sheaf by equipping it for each g in G with the isomorphism
ρH′(g) : g
−1H′ → H′,
which sends a tuple (xh)h∈G, where xh belongs to g−1h−1H, to the tuple (µ(g, g−1h)xg−1h)h∈G.
For each g in G, the diagram
g−1H′ g−1H
HH′
g−1θ
ρ˜F (g)ℓ
nρH′(g)
θ
is commutative. Since H is torsion free, this implies that ρH′(g) induces an isomorphism from the
subobject g−1 ker(θ) of g−1H′ to the subobject ker(θ) of H′. Thus the kernel of θ is a µ-twisted
Λ0-subsheaf of H′. Consequently, the image of θ is a µ-twisted Λ0-sheaf as well. Since Im(θ)⊗Λ0 Λ
is isomorphic to F , this proves the essential surjectivity of the functor (3.12.1).
3.13. Let X be a locally noetherian k-scheme. Then the natural functor
2-colimΛ0 Sh(X,µ,Λ0)→ Sh(X,µ,Λ),
where Λ0 runs over all admissible ℓ-adic subrings of Λ containing the image of µ, is an equivalence
of categories. Indeed, if k′/k is a finite Galois extension contained in k which neutralizes µ, then
the natural functor
2-colimΛ0 Sh(Xk′ ,Λ0)→ Sh(Xk′ ,Λ),
is an equivalence of categories by definition, cf. 3.5. Moreover, if F is an object of Sh(Xk′ ,Λ0),
then the natural homomorphism
colimΛ1HomΛ1(g
−1F ⊗Λ0 Λ1,F ⊗Λ0 Λ1)→ HomΛ(g
−1F ⊗Λ0 Λ,F ⊗Λ0 Λ),
is an isomorphism for any g in Gal(k′/k), where Λ1 runs over all admissible ℓ-adic subrings of Λ
containing Λ0 and the image of µ. Since Gal(k′/k) is finite, we obtain that a structure of µ-twisted
Λ-sheaf on F ⊗Λ0 Λ amounts to a structure of µ-twisted Λ1-sheaf on F ⊗Λ0 Λ1, for a large enough
admissible ℓ-adic subring Λ1 of Λ.
3.14. Let f : X → Y be a separated morphism of k-schemes of finite type. If F is a µ-twisted
Λ-sheaf on X , given by a tuple (Fk′ , (ρF (g))g∈Gal(k′/k)) (cf. 3.7), then Rνf∗Fk′ and Rνf!Fk′ are
Λ-sheaves on Yk′ for each integer ν by ([SGA4
1
2 ], 7.1.1), and the isomorphisms
ρF (g) : Fk′ → g∗Fk′ ,
on Xk′ yield by functoriality isomorphisms
Rνf∗Fk′ → R
νf∗g∗Fk′ = g∗R
νf∗Fk′
Rνf!Fk′ → R
νf!g∗Fk′ = g∗R
νf!Fk′ ,
so that we obtain structures of µ-twisted Λ-sheaves on Rνf∗Fk′ and Rνf!Fk′ . We denote by Rνf∗F
and Rνf!F the resulting µ-twisted Λ-sheaves. In particular, by taking Y = Spec(k), we obtain a
structure of µ-twisted representation of Gk on the cohomology groups Hνc (Xk,Fk).
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3.15. Let X be a k-scheme. For any geometric point x¯ of X , we denote by evx¯ the functor which
to a finite étale X-scheme Y associates the set Y (x¯) of x¯-points of Y . For a couple (x0, x1) of
geometric points of X , we denote by π1(X, x0, x1) the set of isomorphisms from evx0 to evx1 ,
endowed with the coarsest topology such that for any finite étale X-scheme Y , the map
π1(X, x0, x1)→ Hom(Y (x0), Y (x1)),
is continuous, where the target is endowed with the discrete topology. Thus π1(X, x0, x1) is a
profinite topological space. For a triple (x0, x1, x2) of geometric points of X , the composition
induces a continuous map
π1(X, x1, x2)× π1(X, x0, x1)→ π1(X, x0, x2),
which satisfies the natural associativity condition. In particular, π1(X, x0, x0) is a profinite group,
which will be simply denoted by π1(X, x0).
3.16. Let f : X → Y be a morphism of k-schemes, and let (x0, x1) be a couple of geometric
points of X . We have natural isomorphisms evf(x0) ∼= evx0 ◦ f
−1 and evf(x1) ∼= evx1 ◦ f
−1, whence
precomposition with f−1 induces a continuous map
f∗ : π1(X, x0, x1)→ π1(X, f(x0), f(x1)),
which is compatible with the composition laws. In particular, the formation of π1(X, x0, x1) (resp.
π1(X, x0)) is functorial in the triple (X, x0, x1) (resp. in the couple (X, x0)).
3.17. Let X be a locally noetherian connected k-scheme, and let x¯ be a geometric point of X .
Then the fiber functor F 7→ Fx¯ is an equivalence of categories from Loc(X,Λ) to the category
RepΛ(π1(X, x), 1) of Λ-admissible representations of the profinite group π1(X, x) (cf. 2.13). This
statement reduces to the case where Λ is finite, which in turn follows from ([SGA1], V.7).
3.18. Let X be a locally noetherian geometrically connected k-scheme, let k′ be a finite Galois
extension of k and let x¯ be a geometric point of Xk′ . Let u : Xk′ → X be the natural projection.
By ([SGA1], IX 6.1), we have an exact sequence
1→ π1(Xk′ , x¯)
u∗−→ π1(X,u(x¯))
r
−→ Gal(k′/k)→ 1,(3.18.1)
which we now proceed to describe in greater details. For each g in Gal(k′/k), the geometric points
x¯ and x¯g have the same image by u, so that we obtain a continuous map
u∗ : π1(Xk′ , x¯, x¯g)→ π1(X,u(x¯), u(x¯g)) = π1(X,u(x¯)).
The collection of these continuous maps yields a homeomorphism∐
g∈Gal(k′/k)
π1(Xk′ , x¯, x¯g)
u∗−→ π1(X,u(x¯)),(3.18.2)
whose composition with the homomorphism r : π1(X,u(x¯)) → Gal(k′/k) maps π1(Xk′ , x¯, x¯g) to
g for each g in Gal(k′/k). The homeomorphism above can be promoted to an isomorphism of
profinite groups if we endow its source with the following group law: for any elements α and β of
π1(Xk′ , x¯, x¯g) and π1(Xk′ , x¯, x¯h) respectively, we set α · β = h∗α ◦ β.
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3.19. Let X be a locally noetherian geometrically connected k-scheme, let k′/k be a finite Galois
subextension of k neutralizing µ (cf. 3.1) and let x¯ be a geometric point of Xk′ . We abusively
denote by µ the pullback of µ by the homomorphism r : π1(X,u(x¯))→ Gal(k′/k) from 3.18.
Let Loc(X,µ,Λ) be the full subcategory of Sh(X,µ,Λ) consisting of objects F such that Fk′
is a Λ-local system on Xk′ . Then the fiber functor F 7→ Fx¯ is an equivalence of categories from
Loc(X,µ,Λ) to the category RepΛ(π1(X,u(x)), µ) of Λ-admissible representations of the Λ-twisted
profinite group (π1(X,u(x)), µ) (cf. 2.11, 2.13).
Indeed, by 3.17 the functor Fk′ 7→ Fk′,x¯ realizes an equivalence of categories from Loc(X,Λ) to
the category of Λ-admissible representations of the profinite group (π1(Xk′ , x), 1). Moreover, for
each g in Gal(k′/k), the morphism
HomΛ(g
−1Fk′ ,Fk′)→ Homπ1(Xk′ ,x¯)(r
−1(g),AutΛ(Fk′,x¯))
ρ 7→ (α 7→ ρx¯ ◦ u
−1
∗ (α)),
where u−1∗ is the inverse of the isomorphism from (3.18.2), realizes an isomorphism onto the set
of left and right π1(Xk′ , x¯)-equivariant maps from r−1(g) to AutΛ(Fk′,x¯). Thus, structures of
µ-twisted Λ-sheaf on Fk′ correspond bijectively to structures of Λ-admissible representations of
(π1(X,u(x)), µ) on Fk′,x¯, hence the result.
Example 3.20. For X = Spec(k), the category Sh(X,µ,Λ) is equivalent to the category of Λ-
admissible representations of (Gk, µ) (cf. 2.13).
3.21. Let Y be a locally noetherian geometrically connected k-scheme, and let f : X → Y be a
finite étale morphism, where X is a geometrically connected k′′-scheme for some finite extension
k′′ of k contained in k. Let k′/k be a finite Galois subextension of k neutralizing µ and containing
k′′ (cf. 3.1), let x¯ be a geometric point of Xk′ and let u : Xk′ → X be the natural projection. The
homomorphism
f∗ : π1(X,u(x))→ π1(Y, fu(x)),
is injective and its image is an open subgroup of finite index in π1(Y, fu(x)). Then the following
diagram is commutative.
Loc(X,µ,Λ) RepΛ(π1(X,u(x)), µ)
RepΛ(π1(Y, fu(x)), µ)Loc(Y, µ,Λ)
F 7→ Fu(x)
Ind
π1(Y,fu(x))
π1(X,u(x))
f∗
F 7→ Ffu(x)
In this diagram, the left vertical arrow is defined in 3.15, while the right vertical arrow is defined
in 2.24. The horizontal arrows are equivalences of categories by 3.19.
3.22. Assume Λ is a finite subextension of Qℓ in C, with ring of integers Λ0 ⊆ Λ. We denote
by m0 the maximal ideal of Λ0. Let X be a noetherian k-scheme, and let K0(X,µ,Λ) be the
Grothendieck group of virtual classes of µ-twisted Λ sheaves on X .
Proposition 3.23. Let F be a µ-twisted Λ-sheaf on X. If F0 and G0 are torsion free µ-twisted
Λ0-sheaves on X with image in Sh(X,µ,Λ) isomorphic to F , then the classes of F0/m0F0 and
G0/m0G0 in K0(X,µ,Λ0/m0) coincide.
This is similar to ([Se98], 15.2): one can assume that we have an injective homomorphism
ϕ : F0 → G0 with torsion cokernel, and one then considers the µ-twisted Λ0-sheaves Hj = ϕ(F0)+
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m
j
0G0. We have G0 = H0 and the morphism ϕ induces an isomorphism from F0 to Hj for j large
enough. It is therefore enough to prove that Hj and Hj+1 yield the same class in K0(X,µ,Λ0/m0)
for any integer j, which in turn follows from the exact sequence
0→ Hj/Hj+1
π
−→ Hj+1/m0Hj+1 → Hj/m0Hj → Hj/Hj+1 → 0
where π is a generator of the ideal m0 of Λ0.
Definition 3.24. The decomposition homomorphism
d : K0(X,µ,Λ)→ K0(X,µ,Λ0/m0),
is the unique homomorphism sending the class of F ⊗Λ0 Λ to the class of F ⊗Λ0 Λ0/m0 for any
torsion free µ-twisted Λ0-sheaf on X . This is well defined by Proposition 3.23.
Proposition 3.25. Assume that µ is the Teichmüller lift of unitary Λ0/m0-admissible mutiplier
µ0 on Gk. Then for any noetherian k-scheme X the decomposition homomorphism
d : K0(X,µ,Λ)→ K0(X,µ0,Λ0/m0),
cf. 3.24, is surjective.
We proceed by noetherian induction on X . Let F be a µ-twisted Λ0/m0-sheaf on X . There
exists a non empty open subscheme j : U → X of X such that j−1F belongs to Loc(U, µ,Λ0/m0).
By shrinking U if necessary we can assume (and we do) that U is a geometrically connected k′-
scheme for some finite extension k′ of k. Let Z be the complement of U in X , endowed with its
reduced scheme structure, and let i : Z → X be corresponding closed immersion. We then have
[F ] = [i∗i
−1F ] + [j!j
−1F ],
in K0(X,µ,Λ0/m0). By 3.10, 3.19, and 2.49, there exists an object G of Loc(U, µ,Λ) such that
d([G]) = j−1F . By noetherian induction, there exists a µ-twisted Λ-sheaf H on Z such that
d([H]) = i−1F . We then have
[F ] = d([i∗H] + [j!G]),
hence the surjectivity of d.
3.26. Let s → Spec(k) be a finite extension of k, and let us fix a k-morphism s : Spec(k) → s,
corresponding to a k-linear embedding of k(s) in k, so that the Galois group Gs = Gal(k/k(s))
can be considered as an open subgroup of finite index in Gk. We still denote by µ the restriction
of µ to Gs. We denote by δs/k the Λ-admissible character of rank 1 of Gk given by
δs/k = det
(
IndGkGsΛ
)
.
Thus δs/k is the signature character associated the left action of Gk on the finite set Gk/Gs.
Definition 3.27. Let V be a Λ-admissible representation of (Gs, µ). The transfer or verlagerung
of V with respect to the extension k(s)/k is the Λ-admissible map Vers/k(V ) from Gk to Λ× defined
by
Vers/k(V ) = δ
−rk(V )
s/k det
(
IndGkGsV
)
,
where the induction is defined in 2.24.
Proposition 3.28. Let V be a Λ-admissible representation of (Gs, µ). Then the determinant
det(V ) is a Λ-admissible representation of (Gs, µ
rk(V )) and we have
Vers/k(V ) = Vers/k(det(V )).
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Moreover, if χ1 and χ2 are Λ-admissible representations of rank 1 of (Gs, µ1) and (Gs, µ2) respec-
tively, for some multipliers ν1, ν2 on Gk, then
Vers/k(χ1χ2) = Vers/k(χ1)Vers/k(χ2).
Indeed, let (ti)i∈I be a family of Gs-left cosets representatives in Gk. Then we have a splitting
(cf. 2.24)
IndGkGsV =
⊕
i∈I
[ti]V.
Let g be an element of Gk and let us write gti = tσ(g)(i)hg,i for some bijection σ(g) of I onto itself,
and some element hg,i of Gs. For any element v of V , we have
[g][ti]v = µ(g, ti)[gti]v
= µ(g, ti)µ(tσ(g)(i), hg,i)
−1[tσ(g)(i)][hg,i]v.
Consequently, we have
det(g | IndGkGsV ) = sgn(σ(g))
rk(V )
∏
i∈I
µ(g, ti)
rk(V )µ(tσ(g)(i), hg,i)
−rk(V ) det(hg,i | V ),
where sgn is the signature homomorphism. The sign sgn(σ(g)) is equal to δs/k(g) and thus
Vers/k(V )(g) =
∏
i∈I
µ(g, ti)
rk(V )µ(tσ(g)(i), hg,i)
−rk(V ) det(hg,i | V ),
hence the conclusion of Proposition 3.28.
Remark 3.29. If µ = 1 then det(V ) is a group homomorphism fromGs to Λ× and the computation
above yields
Vers/k(V ) = det(V ) ◦ vers/k,
where vers/k : Gabk → G
ab
s is the usual transfer homomorphism, cf. ([Se68], VII.8 p.122) or ([De73],
Prop. 1.2).
Corollary 3.30. Let s′ → s be a finite extension. Then we have
δs′/k = δ
[k(s′):k(s)]
s/k Vers/k(δs′/s),
Vers′/k = Vers/k ◦Vers′/s.
This follows from Proposition 3.28 and from the existence of a natural isomorphism
IndGkGs′V
∼= IndGkGs Ind
Gs
Gs′
V.
3.31. Let s → Spec(k) be a finite extension of k, and let us fix a k-morphism s : Spec(k) → s,
corresponding to a k-linear embedding of k(s) in k, so that the Galois group Gs = Gal(k/k(s))
can be considered as an open subgroup of finite index in Gk. We still denote by µ the restriction
of µ to Gs.
Let X be a separated s-scheme of finite type. For any element t of Gk/Gs, we denote by t(s)
the composition of s with the k-automorphism of Spec(k) induced by some element of Gk lifting
t, and by tX the k-scheme X ×s,t(s) Spec(k). Let us consider the product
X =
∏
t∈Gk/Gs
tX.
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For each t in Gk/Gs and each g in Gk, the k-automorphism of Spec(k) induced by g yields an
isomorphism
gtX → tX.
By taking the product over t, we obtain an automorphism of X, and this produces a right action
of Gk on X. We denote by p1 be projection from X onto X through its factor X1 = Xs. Let F be
a µ-twisted Λ-sheaf on X . We construct a µ[k(s):k]-twisted Λ-sheaf F on X as follows. For each
choice g• = (gt)t∈Gk/Gs of left Gs-cosets representatives in Gk, we set
Fg• =
⊗
t∈Gk/Gs
g−1t p
−1
1 F .
If g˜• = (g˜t)t∈Gk/Gs is another set of left Gs-cosets representatives in Gk, then we can write g˜t = gtht
for some ht in Gs, hence an isomorphism
g−1t p
−1
1 ρF(ht) : g˜
−1
t p
−1
1 F
∼= g−1t h
−1
t p
−1
1 F → g
−1
t p
−1
1 F ,
which yields an isomorphism F g˜• → Fg• by taking the tensor product over t. We then define F to
be the inverse limit of Fg• over all choices g• of left Gs-cosets representatives in Gk, with respect
to these transition maps.
If g is an element of Gk, then gg• is also a set of left Gs-cosets representatives in Gk, hence the
transition maps
g−1Fg•
∼= Fgg• → Fg• ,
yield an isomorphism ρF (g) : g
−1F → F , which endows F with a structure of µ[k(s):k]-twisted
Λ-sheaf on X.
Proposition 3.32. Let s, s,X,X be as in 3.31. Let F be a µ-twisted Λ-sheaf on X, and let us
assume that RΓc(Xs,F) is concentrated in a single cohomological degree ν, and that H
ν
c (Xs,F) is
a free Λ-module of rank 1. Let F be the µ[k(s):k]-twisted Λ-sheaf on X constructed in 3.31. Then
RΓc(X,F) is concentrated in degree [k(s) : k]ν, and the Λ-admissible representation
H [k(s):k]νc (X,F),
is of rank 1, isomorphic to δνs/kVers/kH
ν
c (Xs,F) (cf. 3.26).
Indeed, for any choice g• = (gt)t∈Gk/Gs of left Gs-cosets representatives in Gk, the canoni-
cal isomorphism F → Fg• , together with Künneth’s formula ([SGA4], XVII 5.4.3), yields that
RΓc(X,F) is concentrated in degree [k(s) : k]ν and that we have a canonical isomorphism⊗
t∈Gk/Gs
Hνc (
tX, g−1t F)→ H
[k(s):k]ν
c (X,F).(3.32.1)
It remains to understand how the action of Gk on the target of this isomorphism translates on
its source. Let g be an element of Gk. Then we can write ggt = gσ(g)(t)hg,t for some bijection
σ(g) of Gk/Gs onto itself and hg,t is some element of Gs. Since (3.32.1) is an isomorphism of
graded vector spaces (cf. ([SGA4], XVII 1.1.4), the element g of Gk acts on the source of 3.32.1
by sgn(σ(g))ν = δνs/k(g) multiplied by∏
t∈Gk/Gs
µ(g, gt)µ(gσ(g)(t), hg,t)
−1Tr(hg,t | H
ν
c (
tX, g−1t p
−1
1 F)).
The latter is exactly Vers/kHνc (Xs,F) evaluated at g, hence the conclusion of Proposition 3.32.
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4. Gabber-Katz extensions
In this section, we review the theory of Gabber-Katz extensions from [Ka86], which will consti-
tute our main tool in order to define geometric local ε-factors in Section 9.
Let T be the spectrum of a k-algebra, which is a henselian discrete valuation ring OT , with
maximal ideal m, and whose residue field OT /m is a finite extension of k of degree deg(s). Let
j : η → T be the generic point of T , and let i : s→ T be its closed point, so that T is canonically
an s-scheme. We fix a uniformizer π of OT , and we abusively denote by π as well the morphism
π : T → A1s,
corresponding to the unique morphism k(s)[t] → OT of k(s)-algebras which sends t to π. We fix
a k-morphism s from Spec(k) to s, and a separable closure η of ηs¯ = η ×s s. We consider η as a
geometric point of A1s through the morphism π. We denote by Gs the Galois group of the extension
k/k(s), and by Gη the Galois group of the extension k(η)/k(η).
4.1. Let T̂ be the spectrum of the m-adic completion of OT , and let
(
A1s
)
(0)
(resp. Â1s(0)) be
the henselization (resp. spectrum of the completion) of A1s at 0. Then we have the following
commutative diagram.
T̂ T
Â1s(0)
(
A1s
)
(0)
ππ
The left vertical morphism is an isomorphism, while the two horizontal morphisms induce isomor-
phisms on the corresponding étale sites, as it follows for example from Krasner’s lemma, cf. ([SP],
09EJ). Thus the right vertical morphism induces an isomorphism on the corresponding étale sites.
4.2. Following ([Ka86], 1.3.1), we define a category of special coverings of Gm,s. For any scheme
X , let Fe´t(X) be the category of finite étale X-schemes. By ([SGA1], V.7), the functor which sends
an object U → Gm,s of Fe´t(Gm,s) to the fiber Uη, endowed with the natural action of π1(Gm,s, η),
realizes an equivalence of categories from Fe´t(Gm,s) to the category of finite sets endowed with a
continuous left action of π1(Gm,s, η).
Definition 4.3. ([Ka86], 1.3.1) The category Fe´t♦(Gm,s) of special finite étale Gm,s-schemes is the
full subcategory of Fe´t(Gm,s) (cf. 4.2) whose objects are the finite étale morphisms f : U → Gm,s
such that:
(1) the morphism f is tamely ramified above ∞, i.e. the fiber product
U ×Gm,s Spec(k(s)((t
−1)))→ Spec(k(s)((t−1))),
is a finite disjoint union of spectra of tamely ramified extensions of k(s)((t−1)).
(2) the geometric monodromy group of f , namely the image of the composition
π1(Gm,s, η)→ π1(Gm,s, η)→ Aut(Uη),
has a unique p-Sylow subgroup.
Theorem 4.4 ([Ka86], 1.4.1). Let Fe´t♦(Gm,s) be as in 4.3. The functor
π−1|η : Fe´t
♦(Gm,s)→ Fe´t(η),
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induced by the morphism π|η : η → Gm,s, is an equivalence of categories.
4.5. For example, if h is an element of k(η) then Theorem 4.4 implies that the Fp-torsor over η
defined by the equation
x− xp = h,(4.5.1)
must extend to an Fp-torsor over Gm,s, which is tamely ramified above ∞, hence unramified since
Fp is a p-group. Let us write h as hπ(π)+rπ , for some polynomial hπ in k(s)[t−1] and some element
rπ of m. Since T is henselian, there exists a unique element uπ of m such that rπ = uπ − upπ. Then
the Fp-torsor over Gm,s defined by the equation
y − yp = hπ(t),(4.5.2)
is unramified at ∞ and its pullback to η by π|η is isomorphic to (4.5.1). Therefore (4.5.2) is (up
to isomorphism) the Fp-torsor over Gm,s associated to (4.5.1) by the equivalence in Theorem 4.4.
The Laurent polynomial hπ(t) admits the following alternative description. Let ν ≥ 1 be an
integer such that h is of valuation strictly larger than −ν, and let u be the generator 1⊗1− t⊗π−1
of the OT /mν [t, t−1]-module k(s)[t, t−1]⊗k(s) m−1/m−1+ν. Then we have
hπ(t) = −Res
(
h
du
u
)
,(4.5.3)
in k(s)[t, t−1]. This formula should be understood as follows: we first take a lift u˜ of u in π−1A[[π]],
where A = k(s)[t, t−1], so that u˜ is invertible in A((π)), and we then set
Res
(
h
du
u
)
= Res
(
h
du˜
u˜
)
,
where the right hand side is the specialization to A = k(s)[t, t−1] and r = 1 of the following
definition:
Definition 4.6. For any k(s)-algebra A, any non negative integer r and any element w =∑
n<r wn ⊗ π
n of A⊗ k(η)/mr, we define
dw =
∑
n<r
wn ⊗ nπ
n−1dπ,
in A⊗ (k(η)/mr−1)dπ, and
Res(wdπ) = w−1.
Let us prove (4.5.3). We consider the lift u˜ = 1− tπ−1 of u in π−1A[[π]]. We have
du˜
u˜
=
tdπ
π(π − t)
= −
dπ
π(1− t−1π)
= −
∑
n≥0
t−nπn
dπ
π
,
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in A((π))dπ. If we write the image of h in m1−ν/m as
∑ν−1
n=0 hnπ
−n for some elements (hn)0≤n<ν
of k(s), then this yields
Res
(
h
du
u
)
= −
∑
0≤n<ν
t−n ⊗ Res
(
hπn
dπ
π
)
= −
∑
0≤n<ν
hnt
−n,
and the latter Laurent polynomial is exactly −hπ(t), hence (4.5.3).
4.7. Let f : U → Gm,s be a connected special finite étale cover of Gm,s (cf. 4.3). Let η′ → η be
the pullback of U to η by π, and let us fix an η-morphism η → η′, so that we can consider η as a
geometric point of U , henceforth denoted η′. Similarly, let s′ be a finite étale extension of s such
that U is a geometrically connected s′-scheme, and let us fix an s-morphism s→ s′, so that we can
consider s as a geometric point, denoted s′, of the normalization T ′ of T in η′, or as a geometric
point, also denoted s′, of the normalization X of A1s in U . We have a natural morphism
π′ : T ′ → X,
whose restriction to η′ is the natural morphism from η′ to U .
Definition 4.8. A finite étale morphism V → U is f -special if the composition
V → U
f
−→ Gm,s
is special (cf. 4.3). We denote by Fe´t♦(U, f) the category of f -special finite étale U -schemes, or
equivalently the category of U -objects in Fe´t♦(Gm,s).
Let us consider the fiber functor
Fe´t♦(U, f)→ Sets
(V → U) 7→ Vη′ = Homη′(η
′, V ).
(4.8.1)
Let π1(U, f, η′)♦ be the group of automorphisms of this functor, endowed with the coarsest topology
such that for any object V → U of Fe´t♦(U, f), the natural group homomorphism
π1(U, f, η
′)♦ → Aut(Vη′),
is continuous, when the finite set Aut(Vη′) is endowed with the discrete topology.
The topological group π1(U, f, η′)♦ is profinite, and we have a natural surjective homomorphism
π1(U, η
′)→ π1(U, f, η
′)♦.
Moreover, the fiber functor (4.8.1) realizes an equivalence from Fe´t♦(U, f) to the category of
finite sets endowed with a continuous left action of π1(U, f, η′)♦, cf. ([Ka86], 1.3.3). The natural
surjective homomorphism
π1(U, η
′)→ Gs′ ,
factors through π1(U, f, η′)♦, and we denote by π1(Us′ , f, η′)♦ the kernel of the resulting surjective
homorphism from π1(U, f, η′)♦ to Gs′ .
By Theorem 4.4, the homomorphism
(π′|η′)∗ : Gη′ → π1(U, f, η
′)♦,(4.8.2)
is an isomorphism of profinite topological groups.
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4.9. Let U, f,X be as in 4.7. Let Λ be a finite admissible ℓ-adic ring (cf. 2.2), and let µ be a Λ-
admissible unitary multiplier on Gk (cf. 2.9). The category Sh
♦(X, f, µ,Λ) of f -special µ-twisted
Λ-sheaves on X is the full subcategory of Sh(X,µ,Λ) (cf. 3.7) whose objects are the µ-twisted
Λ-sheaves F = (Fk′ , (ρF (g))g∈Gal(k′/k)) on X such that:
(1) The restriction of Fk′ to Uk′ is a Λ-local system (cf. 3.2).
(2) The restriction of Fk′ to any (equivalently, some) connected component of Uk′ is trivi-
alized on a finite étale cover which is f -special, cf. 4.8. Equivalently, the Λ-admissible
representation Fη′ of (π1(U, η′), µ) (cf. 3.19) factors through a Λ-admissible representation
of (π1(U, f, η′)♦, µ) (cf. 4.7).
4.10. Let U, f,X be as in 4.7. Let Λ be the ring of integers in a finite subextension of Qℓ in C,
and let µ be a Λ-admissible unitary multiplier on Gk (cf. 2.9). The category Sh
♦(X, f, µ,Λ) of
f -special µ-twisted Λ-sheaves on X is the full subcategory of Sh(X,µ,Λ) (cf. 3.11) consisting of
its objects (Fn)n, where Fn is a µ-twisted Λ/ℓn-sheaf on X , such that Fn is special for each n (cf.
4.9).
4.11. Let U, f,X be as in 4.7. Let Λ be a finite subextension of Qℓ in C, with ring of integers Λ0,
and let µ be a Λ-admissible unitary multiplier on Gk (cf. 2.9). Then µ takes its values in Λ
×
0 . We
define the category Sh♦(X,µ,Λ) of f -special µ-twisted Λ-sheaves on X to be the essential image
of Sh♦(X, f, µ,Λ0) (cf. 4.10) in Sh(X,µ,Λ) (cf. 3.12).
4.12. Let U, f,X be as in 4.7. Let Λ be an ℓ-adic coefficient ring (cf. 2.2), and let µ be a Λ-
admissible unitary multiplier on Gk. We define the category Sh
♦(X, f, µ,Λ) of f -special µ-twisted
Λ-sheaves on X to be the full subcategory of Sh(X, f, µ,Λ) (cf. 3.13) whose objects belong to the
essential image of Sh(X, f, µ,Λ0)♦ (cf. 4.9, 4.10, 4.11), for some admissible ℓ-adic subring Λ0 of Λ
containing the image of µ.
We define the category Sh♦(U, f, µ,Λ) of f -special µ-twisted Λ-sheaves on U to be the full
subcategory of Sh♦(X, f, µ,Λ) consisting f -special µ-twisted Λ-sheaves supported on the open
subscheme U of X .
4.13. Let U, f,X, η′, s′ be as in 4.7, and let Λ and µ be as in 4.12. By 3.19 and 4.7, the fiber
functor F 7→ Fη′ realizes an equivalence from the category of f -special µ-twisted Λ-sheaves on U
(cf. 4.12) to the category of Λ-admissible representations of (π1(U, f, η′)♦, µ).
More generally, for any object F of the category Sh♦(X, f, µ,Λ), we have a cospecialization
homomorphism
cF ,s′,η : Fs′ → Fη′ ,
and the functor F 7→ (Fs′ ,Fη′ , cF ,s′,η′) realizes an equivalence of categories from Sh
♦(X, f, µ,Λ) to
the category of triples (Vs′ , Vη′ , c), where Vη′ is a Λ-admissible representation of (π1(U, f, η′)♦, µ),
where Vs′ is a Λ-admissible representation of (Gs′ , µ), and where
c : Vs′ → V
π1(Us′ ,f,η
′)♦
η′ ,
is a homomorphism of Λ-admissible representations of (Gs′ , µ) from Vs′ to the subrepresentation
of Vη′ consisting of its π1(Us′ , f, η′)♦-invariant elements (cf. 4.7).
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4.14. Let U, f,X, T ′, η′, s′ be as in 4.7, and let Λ and µ be as in 4.12. By 3.19, the fiber functor
F 7→ Fη′ realizes an equivalence from the category of µ-twisted Λ-sheaves on η′ (cf. 3.7) to the
category of Λ-admissible representations of (Gη′ , µ).
More generally, the functor F 7→ (Fs′ ,Fη′ , cF ,s′,η′), where cF ,s′,η′ : Fs′ → Fη′ is the cospe-
cialization homomorphism, realizes an isomorphism from Sh(T ′, µ,Λ) to the category of triples
(Vs′ , Vη′ , c), where Vη′ is a Λ-admissible representation of (Gη′ , µ), where Vs′ is a Λ-admissible
representation of (Gs′ , µ), and where
c : Vs′ → V
Gη
s′
η′ ,
is a homomorphism of Λ-admissible representations of (Gs′ , µ) from Vs′ to the subrepresentation
of Vη′ consisting of its Gηs′ -invariant elements.
This remark, combined with the Galoisian description of f -special µ-twisted Λ-sheaves on X
(cf. 4.13) and with the isomorphism (4.8.2), yields:
Theorem 4.15. Let U, f,X, T ′, π′ be as in 4.7, let Λ be an ℓ-adic coefficient ring (cf. 2.2), and
let µ be a Λ-admissible unitary multiplier on Gk (cf. 2.9). The pullback functor
(π′)−1 : Sh♦(X, f, µ,Λ)→ Sh(T ′, µ,Λ),
is an equivalence from the category of f -special µ-twisted Λ-sheaves on X (cf. 4.12) to the category
of µ-twisted Λ-sheaves on T ′.
By restricting to µ-twisted Λ-sheaves with vanishing fiber at s′, we similarly obtain:
Theorem 4.16. Let U, f, η′ be as in 4.7, let Λ be an ℓ-adic coefficient ring (cf. 2.2), and let µ be
a Λ-admissible unitary multiplier on Gk (cf. 2.9). The pullback functor
(π′|η)
−1 : Sh♦(U, f, µ,Λ)→ Sh(η′, µ,Λ),
is an equivalence from the category of f -special µ-twisted Λ-sheaves on U (cf. 4.12) to the category
of µ-twisted Λ-sheaves on η′.
4.17. For U = Gm,s and f = id, let us simply refer to f -special sheaves as special sheaves. This
agrees with the terminology in ([Ka86], 1.5). As a particular case of Theorem 4.15, we have the
following extension result:
Theorem 4.18. Let Λ be an ℓ-adic coefficient ring (cf. 2.2), and let µ be a Λ-admissible unitary
multiplier on Gk (cf. 2.9). The pullback functor
π−1 : Sh♦(A1s, µ,Λ)→ Sh(T, µ,Λ),
is an equivalence from the category of special µ-twisted Λ-sheaves on A1s (cf. 4.12) to the category
of µ-twisted Λ-sheaves on T .
By restricting to µ-twisted Λ-sheaves with vanishing special fiber we similarly obtain:
Theorem 4.19. Let Λ be an ℓ-adic coefficient ring (cf. 2.2), and let µ be a Λ-admissible unitary
multiplier on Gk (cf. 2.9). The pullback functor
π−1|η : Sh
♦(Gm,s, µ,Λ)→ Sh(η, µ,Λ),
is an equivalence from the category of special µ-twisted Λ-sheaves on Gm,s (cf. 4.12) to the category
of µ-twisted Λ-sheaves on η.
When µ = 1, the latter theorem matches ([Ka86], Th. 1.5.6).
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4.20. Let Λ be an ℓ-adic coefficient ring (cf. 2.2), let µ be a Λ-admissible unitary multiplier on
Gk (cf. 2.9), and let U, f, η′ be as in 4.7.
Lemma 4.21. If F is an object of Sh♦(U, f, µ,Λ), then its pushforward f∗F (cf. 3.14) belongs to
Sh♦(Gm,s, µ,Λ).
We can assume (and we do) that Λ is finite, in which case the Λ-local system F is represented
by a finite étale morphism g : V → U which is f -special (cf. 4.8). The Λ-local system f∗F is then
represented by the finite étale morphism fg : V → Gm,s, which is special, hence the conclusion of
Lemma 4.21.
It follows from Lemma 4.21 that we have the following commutative diagram (up to natural
isomorphisms).
Sh(η′, µ,Λ) Sh♦(U, f, µ,Λ)
Sh♦(Gm,s, µ,Λ)Sh(η, µ,Λ)
(π′|η)
−1
f∗(f|η′ )∗
π−1
|η
The rows of this diagram are equivalences of categories by Theorems 4.16 and 4.19.
5. Geometric class field theory
We review in this section global and local geometric class field theory. Let Λ be an ℓ-adic coef-
ficient ring (cf. 1.13, 2.2). The purpose of geometric class field theory is to establish equivalences
between groupoids of Λ-local systems of rank 1 on curves over k, or over germs of curves, and
groupoids of multiplicative local systems over certain group schemes. The notion of multiplicative
local system, which geometrizes the notion of character, is reviewed in 5.1, 5.4, 5.5 and 5.6 below.
5.1. Let us assume that Λ is a finite ℓ-adic coefficient ring (cf. 2.2). Let S be a k-scheme and
let G be a commutative S-group scheme, with multiplication m : G ×S G → G. A multiplicative
Λ-local system on G is a Λ-local system L on G, of rank 1, together with an isomorphism θ :
p−11 L⊗ p
−1
2 L → m
−1L of Λ-local systems on G×G where p1 and p2 are the canonical projections,
which satisfy the following two properties, cp. ([Gu18], Def. 2.5).
(1) Symmetry: if σ is the involution of G × G which switches the two factors, then the iso-
morphism
p−12 L⊗ p
−1
1 L → σ
−1(p−11 L ⊗ p
−1
2 L)
σ−1θ
−−−→ σ−1m−1L → m−1L
is the composition of θ with the canonical isomorphism p−12 L ⊗ p
−1
1 L → p
−1
1 L ⊗ p
−1
2 L.
(2) Associativity: if qi : G × G ×G → G (resp. qij : G × G ×G → G ×G) is the projection
on the i-th factor for i ∈ J1, 3K (resp. on the i-th and j-th factors for (i, j) ∈ J1, 3K2 such
that i < j) and if m3 : G×G×G→ G is the multiplication morphism, then the diagram
of Λ-local systems on G×G×G
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q−11 L ⊗ q
−1
2 L ⊗ q
−1
3 L
q−11 L ⊗ (mq23)
−1L
(mq12)
−1L ⊗ q−13 L.
m−13 L
id⊗ q−123 θ
q−112 θ ⊗ id
(q1 ×mq23)
−1θ
(mq12 × q3)
−1θ
is commutative.
A morphism between multiplicative Λ-local systems (L1, θ1) and (L2, θ2) on G is an isomorphism
α : L1 → L2 of Λ-local systems such that the diagram
p−11 L1 ⊗ p
−1
2 L1
p−11 L2 ⊗ p
−1
2 L2
m−1L1.
m−1L2
θ1
θ2
p−11 α ⊗ p
−1
2 α m
−1α
is commutative.
We denote by Loc⊗(G,Λ) the groupoid of multiplicative Λ-local systems on G. The group of
automorphisms of an object of Loc⊗(G,Λ) is given by
AutLoc⊗(G,Λ)(Λ) = HomGrp/S(G,Λ
×
S ),
where Λ×S is the constant S-group scheme associated to Λ
×. If S is connected and if G is an
extension of a constant S-group scheme, associated to a discrete group π0(G), by an S-group
scheme with connected geometric fibers, then we also have
AutLoc⊗(G,Λ)(Λ) = HomGrp(π0(G),Λ
×).
Remark 5.2. The functor L 7→ Isom(Λ,L) which sends a multiplicative Λ-local system L on G
to the Λ×-torsor of its local trivializations realizes an equivalence from the category Loc⊗(G,Λ), to
the groupoid of multiplicative Λ×-torsors on G in the sense of ([Gu18], Def. 2.5). By ([Gu18], Def.
2.9), the latter groupoid is equivalent to the groupoid of extensions of G by Λ× in the category of
commutative S-group schemes. Namely, to an extension
0→ Λ× → E → G→ 0,
of commutative S-group schemes, one associate the Λ-local system of rank 1 on G corresponding
to the Λ×-torsor E over G, where Λ× acts by left multiplication on E; this Λ-local system of rank
1 on G is naturally endowed with a structure of multiplicative Λ-local system on G, cf. ([Gu18],
Def. 2.4).
Example 5.3. Assume that k is finite of cardinality q, and that G is a connected commutative
k-group scheme. The q-Frobenius morphism F : G → G is then an homomorphism of k-group
schemes. Moreover, the sequence
0→ G(k)→ G
1−F
−−−→ G→ 0,
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is exact, cf. ([La90], 1.1.3). For any homomorphism χ : G(k) → Λ×, the pushout of this exact
sequence provides an extension of G by Λ×, which yields in turn a multiplicative Λ-local system
Lχ on G by Remark 5.2.
5.4. Let us assume that Λ is the ring of integers in a finite extension of Qℓ. Let S be a connected k-
scheme and let G be a commutative S-group scheme, which is an extension of a constant S-group
scheme, associated to a discrete group π0(G), by an S-group scheme with connected geometric
fibers. We define the groupoid Loc⊗(G,Λ) of multiplicative Λ-local systems onG to be the 2-limit of
the categories Loc⊗(G,Λ/ℓn) (cf. 5.1), where n runs over over all positive integers. Thus the objects
of Loc⊗(G,Λ) are given by projective systems (Ln)n≥1 where Ln is a multiplicative Λ/ℓn-local
system on G, such that the transition maps Ln+1 → Ln induce isomorphisms Ln+1 ⊗Λ/ℓn → Ln,
for each integer n.
The group of automorphisms of an object of Loc⊗(G,Λ) is given by
AutLoc⊗(G,Λ)(Λ) = lim
n
HomGrp(π0(G), (Λ/ℓ
n)×) = HomGrp(π0(G),Λ
×).
5.5. Let us assume that Λ is a finite extension of Qℓ, with ring of integers Λ0 ⊆ Λ. Let S
be a connected k-scheme and let G be a commutative S-group scheme, which is an extension of
a constant S-group scheme, associated to a discrete group π0(G), by an S-group scheme with
connected geometric fibers. We define the groupoid Loc⊗(G,Λ) of multiplicative Λ-local systems
on G to be the groupoid whose objects are those of Loc⊗(G,Λ0) (cf. 5.4), and whose morphisms
are given by
IsomΛ(L1,L2) = HomGrp(π0(G),Λ
×) ∧ IsomΛ0(L1,L2),
namely the quotient of HomGrp(π0(G),Λ×)× IsomΛ0(L1,L2) by the action of HomGrp(π0(G),Λ
×
0 )
given by u(λ, ϕ) = (u−1λ, uϕ) for u in HomGrp(π0(G),Λ
×
0 ) and (λ, ϕ) in HomGrp(π0(G),Λ
×) ×
IsomΛ0(L1,L2). In particular, the group of automorphisms of an object of Loc
⊗(G,Λ) is given by
AutLoc⊗(G,Λ)(Λ) = HomGrp(π0(G),Λ
×).
Isomorphisms between multiplicative Λ-local systems L1 and L2 on G can be alternatively
described as isomorphisms α : L1 → L2 of Λ-local systems (cf. 3.4) such that the diagram
p−11 L1 ⊗ p
−1
2 L1
p−11 L2 ⊗ p
−1
2 L2
m−1L1.
m−1L2
θ1
θ2
p−11 α ⊗ p
−1
2 α m
−1α
is commutative. Indeed, if π is a uniformizer of Λ, then such an isomorphism α must be of the
form α = πvϕ, where ϕ : L1 → L2 is an isomorphism of Λ0-local systems, and where v is a map
from π0(G) to Z. The commutativity of the diagram above implies that d1(πv) = πd
1(v) (cf. 2.6.1)
takes its values in Λ×0 , hence is trivial. Thus λ = π
v is a group homomorphism from π0(G) to Λ×
and ϕ is an isomorphism of multiplicative Λ0-local systems.
5.6. We now consider an arbitrary ℓ-adic coefficient ring Λ. Let S be a connected k-scheme and
let G be a commutative S-group scheme, which is an extension of a constant S-group scheme,
associated to a discrete group π0(G), by an S-group scheme with connected geometric fibers. We
define the groupoid Loc⊗(G,Λ) of multiplicative Λ-local systems on G to be the 2-colimit of the
groupoids Loc⊗(G,Λ0), where Λ0 runs over all admissible ℓ-adic subrings of Λ (cf. 5.1, 5.4 and
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5.5). The group of automorphisms of an object of Loc⊗(G,Λ) is given by the group of Λ-admissible
group homomorphisms from π0(G) to Λ× (cf. 2.5).
Remark 5.7. If the discrete group π0(G) is finitely generated, then any group homomorphism
from π0(G) to Λ× is Λ-admissible.
Example 5.8. Let us consider the discrete group scheme G = ZS . For each integer n, let n : S →
ZS be the section corresponding to the element n of Z. Then the pullback by the section 1 realizes
an equivalence from Loc⊗(ZS ,Λ) to the groupoid of Λ-local systems of rank 1 on S. A quasi-
inverse to this functor is given by sending a Λ-local system F of rank 1 on S to the multiplicative
Λ-local system on ZS whose pullback by the section n is F⊗n, for any integer n, together with the
isomorphism θ : p−11 L ⊗ p
−1
2 L → m
−1L, whose pullback by a section (n,m) of ZS ×S ZS is the
canonical isomorphism
F⊗n ⊗F⊗m → F⊗(n+m).
5.9. Let S be a connected k-scheme and let G1, G2 be commutative S-group schemes as in 5.6.
Then G1 ×S G2 is an extension of the discrete group π0(G1)× π0(G2) by an S-group scheme with
connected geometric fibers. Let p1, p2 be the natural projections from G1 ×S G2 to G1 and G2
respectively. Then the functor
Loc⊗(G1,Λ)× Loc
⊗(G2,Λ)→ Loc
⊗(G1 ×S G2,Λ)
(L1,L2) 7→ p
−1
1 L1 ⊗ p
−1
2 L2,
is an equivalence of categories. Indeed, if ι1, ι2 are the inclusions of the factors G1 and G2 respec-
tively in G1×SG2, then for any multiplicative Λ-local system (L, θ) on G1×SG2, the isomorphism
θ produces an isomorphism
L → p−11 ι
−1
1 L⊗ p
−1
2 ι
−1
2 L.
5.10. Let G be a commutative k-group scheme as in 5.6. Let i : H → G be a closed connected
sub-k-group scheme of G, so that G/H is also an extension of the constant k-group scheme π0(G)
by a quasi-compact connected k-group scheme. Let r : G → G/H be the canonical projection.
Then the pullback functor r−1 induces an equivalence from the groupoid
Loc⊗(G/H,Λ)
of multiplicative Λ-local systems on G/H (cf. 5.6) to the groupoid of triples (L, θ, ζ), where (L, θ)
is a multiplicative Λ-local systems on G and ζ : ΛH → i−1L is an isomorphism of multiplicative
Λ-local systems on H . Indeed, if (L, θ, ζ) is such a triple, if p1, p2,m are as in 5.1, and if ϕ is the
isomorphism
ϕ : G×k H → G×G/H G
(g, h)→ (g, gh)
then we have a sequence of isomorphisms
ϕ−1p−11 L → p
−1
1 L|G×kH
id⊗ζ
−−−→ p−11 L ⊗ p
−1
2 L|G×kH
θ|G×kH−−−−−→ m−1L|G×kH −→ ϕ
−1p−12 L,
which yields a descent datum p−11 L → p
−1
2 L on G×G/H G, with respect r, which is a morphism of
effective descent for the fibered category of Λ-local systems, as well as for the fibered category of
multiplicative Λ-local systems.
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5.11. Let X be a smooth geometrically connected projective curve of genus g over k, let i : D → X
be an effective divisor of degree d ≥ 1 on X , and let U be the open complement of D in X . Our aim
is to describe Λ-local systems of rank 1 on U . One first introduces a measure of the ramification
at infinity of such a local system:
Definition 5.12. A Λ-local system F of rank 1 on U has ramification bounded by D if for any
point x of D, the Swan conductor of the restriction of F to the spectrum of the fraction field of
the completed local ring of X at x is strictly less than the multiplicity of D at x.
The main theorem of geometric class field theory, namely Theorem 5.15 below, states an equiv-
alence between the groupoid of Λ-local systems of rank 1 on U with ramification bounded by D,
and the groupoid of multiplicative Λ-local systems on a k-group scheme, the generalized Picard
scheme, which we now introduce:
Definition 5.13. The generalized Picard functor Pick(X,D) associated to (X,D) is the functor
which to a k-scheme S associates the group of isomorphism classes of pairs (L, α) where L is
an invertible OXS -module and α : ODS → i
∗
SL is an isomorphism of ODS -modules. Here, by
XS , DS , iS we denote the base change of X,D, i along S → Spec(k).
If the effective divisor D is given by a single k-point x of X with multiplicity 1, then the
morphism
Pick(X, x)→ Pick(X)
(L, α)→ L,
is an isomorphism, where Pick(X) is the Picard functor of X . The latter is well-known to be
representable by a k-group scheme, namely an extension of Zk by the Jacobian scheme of X , which
is an abelian k-scheme of dimension g. In general, we have:
Proposition 5.14 ([Gu18], Prop. 4.8). The generalized Picard functor Pick(X,D) is representable
by a smooth separated k-group scheme of dimension d+ g − 1.
Let us consider the Abel-Jacobi morphism
Φ : U → Pick(X,D),(5.14.1)
which sends a section x of U to the pair (O(x), 1), where 1 : OD → O(x)⊗OXOD is the trivialization
of O(x) on D induced by the canonical section 1 : OX →֒ O(x). Global geometric class field theory
can then be stated as follows:
Theorem 5.15 (Global geometric class field theory). Let F be a Λ-local system of rank 1 on U , with
ramification bounded by D (cf. 5.12). Then, there exists a unique (up to unique isomorphism) pair
(χF , β), where χF is a multiplicative Λ-local system on Pick(X,D) (cf. 5.6), and β : Φ−1χF → F
is an isomorphism. The functor F 7→ χF is an equivalence from the groupoid of Λ-local systems of
rank 1 on U , with ramification bounded by D, to the groupoid of multiplicative Λ-local systems on
Pick(X,D).
This theorem reduces to the case where Λ is finite, which was originally proved by Serre and
Lang, cf. ([La56], 6) and [Se59], by using the Albanese property of Rosenlicht’s generalized Picard
schemes [Ro54]. Deligne gave another proof in the tamely ramified case. An exposition of Deligne’s
proof in the unramified case over a finite field can be found in [La90]. Deligne’s approach was later
extended to allow arbitrary ramification simultaneously by the author ([Gu18], Th. 1.1) and by
Takeuchi ([Ta18], Th. 1.1).
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5.16. Let T be the spectrum of a k-algebra, which is a henselian discrete valuation ring whose
residue field is a finite extension of k. Let η be the generic point of T , and let s be its closed point,
so that k(η) is a henselian discrete valuation field, with valuation subring OT,s, and with residue
field k(s) which is a finite extension of k. By Hensel’s lemma, there exists a unique morphism
T → s of k-schemes whose composition with the immersion s → T is the identity. We can thus
consider T as an s-scheme.
Definition 5.17. Let D be a closed subscheme of T supported on s. A Λ-local system F of rank
1 on η has ramification bounded by D if its Swan conductor is strictly less than the multiplicity of
D at s, namely the length of OD,s as an OT,s-module.
Before proceeding further, we need the following result:
Proposition 5.18. Let D be a closed subscheme of T supported on s. The kernel I of the homo-
morphism
OT ⊗k(s) OD → OD
f1 ⊗ f2 → f1f2,
is an invertible ideal of OT ⊗k(s) OD, which generates the unit ideal of k(η)⊗k(s) OD.
Indeed, if π is a uniformizer of the discrete valuation field k(η), then the kernel of the multiplica-
tion from OT ⊗k(s)OD to OD is generated by π⊗1−1⊗π. Since 1⊗π is nilpotent in OT ⊗k(s)OD,
the section π⊗ 1− 1⊗ π becomes a unit in k(η)⊗k(s) OD. Since the natural homomorphism from
OT ⊗k(s) OD to k(η) ⊗k(s) OD is injective, this proves that π ⊗ 1 − 1 ⊗ π generates an invertible
ideal of OT ⊗k(s) OD, and this concludes the proof of Proposition 5.18.
5.19. We aim at describing the Λ-local systems F of rank 1 on η with ramification bounded by
D in terms of multiplicative Λ-local systems on a certain group scheme (cf. 5.6), the local Picard
group, which we now introduce.
Definition 5.20. Let D be a closed subscheme of T supported on s, and let I be the invertible
ideal of OT ⊗k(s) OD from Proposition 5.18. The local Picard group Pic(T,D) associated to the
pair (T,D) is the functor which sends a T -scheme S to the group of pairs (d, u), where d is a locally
constant Z-valued map on S, and
u : OS ⊗k(s) OD → OS ⊗OT I
−d
is an isomorphism of OS ⊗k(s) OD-modules.
One can informally think of a section (d, u) of Pic(T,D) over a T -scheme S as a trivialization
of the line bundle O(d∆) along the effective Cartier divisor S×sD on the germ of S-curve S×s T ,
where ∆ : S → S ×s T is the diagonal embedding.
Sending a section (d, u) of Pic(T,D) to d defines a homomorphism
Pic(T,D)→ ZT ,
of group valued functors. We denote by Pic0(T,D) the kernel of this homomorphism. The special
fiber Pic0(T,D)s is the functor which sends an s-scheme S to the group of units in OS ⊗k(s) OD.
The natural homomorphism
Pic0(T,D)s ×s T → Pic
0(T,D),
which sends a unit u of OS ⊗k(s) OD to the pair (0, u) is an isomorphism.
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Proposition 5.21. Let D be a closed subscheme of T supported on s. The functor Pic(T,D) is
representable by a T -group scheme, which fits into a (split) exact sequence
1→ Pic0(T,D)→ Pic(T,D)→ ZT → 0,
where Pic0(T,D) is representable by a smooth separated affine T -group scheme, with geometrically
connected fibers of dimension equal to the multiplicity of D at s.
Indeed, if π is a uniformizer of the discrete valuation field k(η), then the ideal I of OT ⊗k(s)OD
is generated 1 ⊗ π − π ⊗ 1, hence for any S-point (d, u) of Pic(T,D) the isomorphism u can be
uniquely written as a sum
u =
 ∑
0≤n<ν
unπ
n
 (1⊗ π − π ⊗ 1)−d,
where ν is the multiplicity of D at s, and (un)0≤n<ν are sections of OS , such that u0 is invertible.
Thus Pic(T,D) is representable by a product ZT ×T Gm,T ×T A
ν−1
T , and this concludes the proof
of Proposition 5.21.
Remark 5.22. The exact sequence
1→ Pic0(T,D)→ Pic(T,D)→ ZT → 0,
is split, but the splitting constructed in the proof of Proposition 5.21 depends on a choice of
uniformizer, and is therefore non canonical.
5.23. By Proposition 5.18, the natural homomorphism OT ⊗k(s) OD → I−1 induces an isomor-
phism
ucan : k(η)⊗k(s) OD → k(η)⊗OT I
−1.
The pair (1, ucan) yields a k(η)-point of Pic(T,D), corresponding to a morphism
Φη : η → Pic(T,D),
of T -schemes, which plays the role of a local Abel-Jacobi morphism in Theorem 5.25. Recall that
we have an isomorphism
α : Pic0(T,D)s ×s T → Pic
0(T,D),
which sends a unit u of OS ⊗k(s) OD to the pair (0, u). Let us also denote by p1 the projection of
Pic0(T,D)s ×s T onto the first factor.
Definition 5.24. We define the groupoid Trip(T,D,Λ) to be the category of triples (χ, χ˜, β),
consisting of
(1) a multiplicative Λ-local system χ on the s-group scheme Pic0(T,D)s (cf. 5.6),
(2) a multiplicative Λ-local system χ˜ on the T -group scheme Pic(T,D) (cf. 5.6),
(3) an isomorphism β : α−1χ˜→ p−11 χ on Pic
0(T,D)s ×s T .
With this definition at hand, the main theorem of local geometric class field theory can be stated
as follows:
Theorem 5.25 (Local geometric class field theory). Let D be a closed subscheme of T supported
on s. Then, the functor Φ−1η , which sends an object (χ, χ˜, β) of Trip(T,D) to the pullback Φ
−1
η χ˜,
is an equivalence from the groupoid Trip(T,D,Λ) to the groupoid of Λ-local systems of rank 1 on
η, with ramification bounded by D.
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We postpone the proof of Theorem 5.25 to the paragraph 5.34 below. We now provide an equiv-
alent version of Theorem 5.25, whose formulation is somewhat simpler, although non canonical,
as it depends on a choice of uniformizer. Let π be a uniformizer of k(η). Then 1 ⊗ π − π ⊗ 1 is
a generator of I, and 1 ⊗ π is a generator of k(s) ⊗OT I as an OD-module. Thus we obtain an
isomorphism
απ : Pic(T,D)s ×s T → Pic(T,D)
(d, u) 7→ (d, u(1⊗ π)d(1⊗ π − π ⊗ 1)−d),
whose restriction to Pic0(T,D)s ×s T coincides with α. Here, a section u over an s-scheme S is
considered as an isomorphism
OS ⊗k(s) OD → OS ⊗k(s) OD ⊗OT m
−d,
where m denotes the defining ideal of s in T . If (χ, χ˜, β) is a triple as in Theorem 5.25, then we
have a splitting
Pic(T,D)s ×s T ∼= (Pic
0(T,D)s ×s T )×T ZT ,
of T -group schemes (cf. 5.21), and a corresponding decomposition of α−1π χ˜ as α
−1χ˜⊠γ, where γ is
a multiplicative Λ-local system on ZT (cf. 5.9). The first factor α−1χ˜ is isomorphic to p
−1
1 χ by β.
Since T is henselian, the pullback by the morphism T → s is an equivalence from the groupoid of
multiplicative Λ-local systems on Zs to the groupoid of multiplicative Λ-local systems on ZT , hence
γ descends to Zs (cf. 5.8). Thus α−1π χ˜ canonically descends to a multiplicative Λ-local system on
Pic(T,D)s. If we further note that α−1π ◦ Φη is given by the k(η)-point (1, u) of Pic(T,D)s ×s T ,
where
u = (1⊗ π)−1(1⊗ π − π ⊗ 1) = 1− π ⊗ π−1,
then we obtain that Theorem 5.25 is equivalent to the following:
Theorem 5.26 (Local geometric class field theory, second version). Let D be a closed subscheme
of T supported on s, and let π be a uniformizer of k(η). Let Φη,π : η → Pic(T,D)s be the
morphism corresponding to the k(η)-point (1, 1 − π ⊗ π−1) of Pic(T,D)s. Then, the functor Φ
−1
η,π
is an equivalence from the groupoid of multiplicative Λ-local systems on Pic(T,D)s to the groupoid
of Λ-local systems of rank 1 on η, with ramification bounded by D.
5.27. Our deduction of Theorem 5.26 from Theorem 5.25 also shows that the functor
Trip(T,D,Λ)→ Loc⊗(Pic(T,D)s,Λ),
which sends a triple (χ, χ˜, β) to the restriction of χ˜ to the special fiber Pic(T,D)s of Pic(T,D), is an
equivalence of groupoids. Moreover, the composition of Φ−1η,π with this restriction functor coincides
with the functor Φ−1η from Theorem 5.25. In particular, the equivalence Φ
−1
η,π from Theorem 5.26
does not depend on π, up to natural isomorphism. We denote by F 7→ χF a quasi-inverse to Φ−1η,π,
which is well-defined up to natural isomorphism.
5.28. If (χ1, χ˜1, β1) and (χ2, χ˜2, β2) are objects of Trip(T,D,Λ) such that χ1 = χ2, then Φ−1η χ˜2
is isomorphic to Φ−1η χ˜1 ⊗ G, where G is the pullback to η of a Λ-local systems of rank 1 on s. We
thus obtain a simpler (although weaker) version of Theorem 5.25 by ignoring twists by unramified
Λ-local systems of rank 1 on η:
Theorem 5.29 (Local geometric class field theory, third version). Let D be a closed subscheme
of T supported on s. If F is a Λ-local system of rank 1 on η, with ramification bounded by D, then
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there exists a unique (up to isomorphism) multiplicative Λ-local system χ on the s-group scheme
Pic0(T,D)s, such that the Λ-local system χ⊠ F on the product
Pic0(T,D)s ×s η
α·Φη
−−−→
∼
Pic1(T,D)η,
extends to a Λ-local system on Pic1(T,D). This provides a bijection from the group of isomorphism
classes of Λ-local systems of rank 1 on η with ramification bounded by D, up to twist by unramified
Λ-local systems of rank 1 on η, to the group of isomorphism classes of multiplicative Λ-local systems
on the s-group scheme Pic0(T,D)s.
One should note that the restriction functor from Pic1(T,D) to Pic1(T,D)η realizes an equiva-
lence between the groupoid of Λ-local systems on Pic1(T,D) and a full subcategory of the groupoid
of Λ-local systems on Pic1(T,D)η. The formulation of Theorem 5.29 is due to Gaitsgory, and can
also be found in Bhatt’s Oberwolfach report ([Bh16], Th. 11).
5.30. We now describe the relation between our version of local geometric class field theory, namely
Theorem 5.25, and Contou-Carrere’s theory of the local Jacobian. Let m be the defining ideal of
s, so that D is defined by mν for some nonnegative integer ν. Then k(s) ⊗OT I
−d is naturally
isomorphic to m−d/m−d+ν as a module over OD = OT /mν, and we can identify Pic(T,D)s with
the functor which sends an s-scheme S to the group of pairs (d, u), where d is a locally constant
Z-valued map on S, and
u : OS ⊗k(s) OT /m
ν → OS ⊗k(s) m
−d/m−d+ν
is an isomorphism of OS ⊗k(s) OT /mν-modules. The inverse limit over ν of these s-group schemes
can then be identified with the functor J(η) which sends a k(s)-algebra A to the group of units
in A⊗̂k(s)k(η) = (A⊗̂k(s)OT ) ⊗OT k(η), where A⊗̂k(s)OT is the m-adic completion of A ⊗k(s) OT ,
which generate a sub-(A⊗̂k(s)OT )-module of the form m−d(A⊗̂k(s)OT ) for some locally constant
function d on Spec(A).
Remark 5.31. A unit of A⊗̂k(s)k(η) may not necessarily belong to J(η)(A). For example, if a is
a nilpotent element of A and if u is an element of k(η) which does not belong to OT , then 1−a⊗u
is a unit of A⊗̂k(s)k(η) which does not belong to J(η)(A). However, if A is reduced, then J(η)(A)
is simply the group of units in A⊗̂k(s)k(η) by ([CC13], 0.8) or ([Gu18], Prop. 3.4).
Proposition 5.32. The functor J(η) is representable by an s-group scheme, which fits into an
exact sequence
1→ J(η)0 → J(η)→ Zs → 0,
where J(η)0 is representable by a geometrically connected affine s-group scheme.
Indeed, J(η)0 is the limit of the inverse system (Pic0(T,mν)s)ν≥0 of affine s-group schemes.
Theorem 5.33 (Local geometric class field theory, fourth version). Let π be a uniformizer of k(η).
Let Ψη,π : η → J(η) be the morphism corresponding to the k(η)-point (1, 1 − π ⊗ π
−1) of J(η).
Then, the functor Ψ−1η,π is an equivalence from the groupoid of multiplicative Λ-local systems on
J(η) to the groupoid of Λ-local systems of rank 1 on η.
If Λ is finite, then Theorem 5.33 follows from Theorem 5.26, since the category of finite etale J(η)-
schemes is the 2-colimit of the categories of finite etale Pic(T,mν)s-schemes when ν ranges over all
integers, and thus the groupoid Loc⊗(J(η),Λ) is the 2-limit of the groupoids Loc⊗(Pic(T,mν)s,Λ).
If Λ is the ring of integers in a finite extension of Qℓ, then the conclusion of Theorem 5.33 holds for
the finite ℓ-adic coefficient rings Λ/ℓn for each n, and thus for Λ as well by taking 2-limits. This
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implies the validity of Theorem 5.33 when Λ is a finite extension of Qℓ, and by taking 2-colimits
this yields the result when Λ is an arbitrary ℓ-adic coefficient ring.
The s-group scheme J(η) coincides Contou-Carrere’s local Jacobian, and the morphism Ψη,π
in Theorem 5.29 is the morphism studied by Contou-Carrere or considered by Deligne in his 1974
letter to Serre ([BE01], p.74). Contou-Carrere established an Albanese property for the morphism
Ψη,π, which was used by Suzuki ([Su13], Th. A (1)) in order to give a different proof of Theorem
5.33. Moreover, Suzuki (op. cit.) showed that the equivalence constructed by Serre in [Se61] when
k is algebraically closed, is a quasi-inverse to the equivalence in Theorem 5.33.
5.34. We now prove Theorem 5.25, by combining the Gabber-Katz extension theorem 4.14 with
global geometric class field theory, namely Theorem 5.15. More precisely, we prove its equivalent
version 5.26. Let D be a closed subscheme of T supported on s, and let π be a uniformizer of
k(η). The uniformizer π provides a morphism k(s)[t, t−1]→ k(η) sending t to π, corresponding to
a morphism
π : η → Gm,s,
of s-schemes.
By Theorem 4.19, the restriction of the pullback functor π−1 to the category of special Λ-sheaves
on A1s vanishing at 0 is an equivalence with the category of Λ-sheaves on η (cf. 4.14). Let π♦ be a
quasi-inverse to this equivalence. Let F be a Λ-sheaf on η with ramification bounded by D. Then
π♦F is a Λ-local system on the open subscheme Gm,s of P1s, extended by zero at 0 and ∞, with
ramification bounded by the divisor D′ = D + [∞]. Let us consider the Abel-Jacobi morphism
Φ : Gm,s → Pics(P
1
s, D
′),
which sends a section t of Gm,s to the pair (O(t), 1), cf. (5.14.1). Since the Picard scheme of
P1s is the constant group scheme Zs, we can identify the connected component of degree d of
Pics(P
1
s, D
′) with the functor which to an s-scheme S associates the quotient by Gm,s(S) of the
group of isomorphisms α : OD′
S
→ i
′∗
SO(d[0]), where i
′ : D′ → P1s is the inclusion. The latter
functor can be further identified with the functor which to an s-scheme S associates the group of
isomorphisms α : ODS → i
∗
SO(d[0]), where i : D → P
1
s is the inclusion. Using the uniformizer π,
we obtain an isomorphism
θ : Pics(P
1
s, D
′)→ Pic(T,D)s.
Consequently, if F has rank 1, then Theorem 5.15 implies that π♦F is isomorphic to the pullback
by θ◦Φ of a multiplicative Λ-local system on Pic(T,D)s. We therefore deduce from Theorems 4.15
and 5.15 that the pullback by θ ◦Φ ◦ π induces an equivalence from the groupoid of multiplicative
Λ-local systems on Pic(T,D)s to the groupoid of Λ-local systems of rank 1 on η, with ramification
bounded by D.
It remains to check that the composition θ ◦Φ◦π coincides with the morphism Φη,π in Theorem
5.26. If t is a section of Gm,s over an s-scheme S, then the isomorphism O([t])→ O([0]) given by
multiplication by 1 − tx−1, where x is the coordinate on Gm,s, sends the canonical trivialization
1 : OD′
S
→ i′∗SO([t]) to the trivialization α : OD′S → i
′∗
SO([0]) corresponding to 1 − tx
−1. Thus
θ ◦Φ sends t to the S-point Pic(T,D)s corresponding to 1− t⊗ π−1. By taking S = η and t = π,
we obtain that θ ◦ Φ ◦ π coincides with Φη,π. This concludes our proof of Theorem 5.26, which in
turn implies Theorems 5.25, 5.29 and 5.33.
Remark 5.35. This proof of the main theorem of local geometric class field theory 5.25 uses
global geometric class field theory. The latter admits geometric proofs which do not use the local
theory, cf. for example [Ta18], hence the argument is not circular. Moreover, the use of local
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geometric class field theory in ([Gu18], Prop. 3.14) can be avoided by resorting to a computation
with Artin-Schreier-Witt theory, as in [Ta18].
5.36. In this paragraph, we describe the compatibility between local and global geometric class
field theory, namely Theorems 5.15 and 5.25. LetX be a smooth geometrically connected projective
curve of genus g over k, let i : D → X be an effective Cartier divisor on X , and let U be the open
complement of D in X . We introduced in 5.13 the generalized Picard group scheme Pick(X,D),
and in (5.14.1) the Abel-Jacobi morphism
Φ : U → Pick(X,D),
which sends a section x of U to the pair (O(x), 1), where 1 : OD → O(x)⊗OX OD is the canonical
trivialization of O(x) on D, cf. (5.14.1).
Let x be a point of D, and let X(x) be the henselisation of X at x, with generic point ηx. We
identify the closed point of X(x) with x, and we denote by Dx the pullback of D to X(x), which
is a closed subscheme of X(x) supported on x. Let x˜ be the X(x)-point of X ×k X(x) given by
the diagonal embedding. The restriction of x˜ to ηx factors through U ×k X(x). We now define a
morphism
τ : Pic(X(x), Dx)→ Pick(X,D)×k X(x)
of X(x)-group schemes as follows. Let (d, u) be a point of Pic(X(x), Dx) over an X(x)-scheme S (cf.
5.20). The image in OD ⊗k OS of the kernel of the natural multiplication homomorphism
OX ⊗k OS → OS ,
is the ideal I as in Proposition 5.18. Thus the pullback to D ×k S of the line bundle O(dx˜) on
the S-curve X ×k S is given by the invertible module OS ⊗OX(x) I
−d. Consequently, u provides
a trivialization of O(dx˜) on the divisor Dx ×k S of X ×k S. Moreover, the canonical section
1 : OX×kS → O(dx˜) provides a trivialization of O(dx˜) on the divisor (D \ Dx) ×k S. We thus
obtain a trivialization β : OD×kS → (i× idS)
∗O(dx˜), and the pair (O(dx˜), β) defines an S-point of
Pick(X,D)×kX(x). This construction is functorial in S, and thus defines a morphism τ as above.
We also let τx : Pic(X(x), Dx)x → Pick(X,D) be the restriction of τ to the special fiber. We
then have the following commutative diagram.
Pic0(X(x), Dx)x ×x X(x)
Pic0(X(x), Dx)xηx Pic(X(x), Dx)
U ×k X(x) Pick(X,D)×k X(x) Pick(X,D)
p1
τx
α
Φη
x˜|ηx τ
Φ × id p1
The morphisms α and Φη in this diagram are defined in 5.23, while p1 always denotes the
projection onto the first factor. Let Loc1(U,D,Λ) (resp. Loc1(ηx, Dx,Λ)) be the groupoid of Λ-local
systems of rank 1 on U with ramification bounded by D (resp. on ηx with ramification bounded
by Dx). If L is an object of Loc
⊗(Pick(X,D),Λ), we obtain an object (χ˜, χ, θ) of Trip(X(x), Dx,Λ)
(cf. 5.24) as follows: we set χ˜ = (p1 ◦ τ)−1L and χ = τ−1x L, while θ : α
−1χ˜→ p−11 χ is the natural
isomorphism resulting from the commutativity of diagram above. We thus obtain a functor from
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Loc⊗(Pick(X,D),Λ) to Trip(X(x), Dx,Λ), which we abusively denote by τ−1 for simplicity. This
functor τ−1 fits into the following diagram, which is commutative up to natural isomorphism.
Loc1(ηx, Dx,Λ) Trip(X(x), Dx,Λ)
Loc1(X,D,Λ) Loc
⊗(Pick(X,D),Λ)
Φ−1η
τ−1
Φ−1
The rows of this diagram are equivalences of groupoids by Theorem 5.15 and 5.25. Thus the
restriction functor, which is the left vertical arrow in this diagram, corresponds to the functor τ−1
in terms of multiplicative Λ-local systems.
5.37. We now describe the functoriality property of geometric local class field theory. Let T (resp.
T ′) be the spectrum of a k-algebra, which is a henselian discrete valuation ring OT (resp. OT ′),
whose residue field is a finite extension of k. Let η (resp. η′) be the generic point of T (resp. T ′),
and let s (resp. s′) be its closed point, so that k(η) (resp. k(η′)) is a henselian discrete valuation
field, with valuation subring OT,s (resp. OT ′,s′), and with residue field k(s) (resp. k(s′)) which is
a finite extension of k.
Let f : T ′ → T be a finite morphism, such that the restriction f|η′ : η′ → η is étale, namely such
that the finite extension k(η) → k(η′) induced by f is separable. Let D be a closed subscheme
of T supported on s, and let D′ be its pullback to T ′. Let I (resp. I ′) be the kernel of the
homomorphism
OT ⊗k(s) OD → OD
f1 ⊗ f2 → f1f2,
(resp. of the homomorphism OT ′ ⊗k(s′) OD′ → OD′), which, by Proposition 5.18, is a principal
invertible ideal of OT ⊗k(s) OD (resp. OT ′ ⊗k(s′) OD′) generating the unit ideal of k(η) ⊗k(s) OD
(resp. k(η′)⊗k(s′) OD′).
For any T ′-scheme S, the OS ⊗k(s) OD-algebra OS ⊗k(s′) OD′ is free of finite rank equal to the
ramification index ef of the extension k(η′)/k(η), hence we can consider the norm map
Nf : OS ⊗k(s′) OD′ → OS ⊗k(s) OD,(5.37.1)
which sends a section u ofOS⊗k(s′)OD′ to the determinant of theOS⊗k(s)OD-linear endomorphism
x 7→ ux of OS⊗k(s′)OD′ . The norm map Nf is homogeneous of degree ef , and therefore the image
by Nf of a principal ideal of OS ⊗k(s′) OD′ generates a principal ideal of OS ⊗k(s) OD.
Lemma 5.38. The ideal of OS ⊗k(s) OD generated by the image by Nf of the ideal OS ⊗OT ′ I
′ of
OS ⊗k(s′) OD′ is OS ⊗OT I.
Indeed, if π′ is a uniformizer of k(η′) then the ideal OS ⊗OT ′ I
′ of OS ⊗k(s′) OD′ is generated
by π′ ⊗ 1 − 1 ⊗ π′. If Pπ′(X) = Xef + a1Xef−1 + · · · + aef is the characteristic polynomial of
π′ in the totally ramified extension k(η′)/k(ηs′), where ηs′ = η ×s s′, then the ideal generated by
Nf (OS ⊗OT ′ I
′) is generated by the element
(1⊗ Pπ′)(π
′ ⊗ 1) = π′ef ⊗ 1 + π′ef−1 ⊗ a1 + · · ·+ 1⊗ aef ,
of OS ⊗k(s′) ODs′ . Since Pπ′ is an Eisenstein polynomial, the elements (ai)i≤ef of OTs′ belong to
the maximal ideal, and aef is a uniformizer of k(ηs′). In particular, we can write ai = biaef , for
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some elements (bi)i≤ef of OTs′ . We obtain a decomposition
(1 ⊗ Pπ′)(π
′ ⊗ 1) = Pπ′(π
′)⊗ 1 + (u⊗ 1)(1⊗ aef − aef ⊗ 1) + (1⊗ aef )v,
where we have set
u = 1 +
ef−1∑
j=1
bef−jπ
′j
v =
ef∑
j=1
(π′ef−j ⊗ 1)(1⊗ bj − bj ⊗ 1).
The term Pπ′(π′) vanishes by the Cayley-Hamilton theorem. The elements 1⊗ aef − aef ⊗ 1 and v
belong to the ideal OS ⊗OT I, while 1⊗ aef − aef ⊗ 1 generates the latter. Moreover, the elements
u⊗ 1 and 1⊗ aef are respectively invertible and nilpotent in OS ⊗k(s) OD. Thus (1⊗ Pπ′)(π
′ ⊗ 1)
is a generator of OS ⊗OT I, hence the result.
Definition 5.39. The norm morphism associated to f is the homomorphism
Nf : Pic(T
′, D′)→ Pic(T,D)×T T
′,
of T ′-group schemes (cf. 5.20) which sends a section (d, u) of Pic(T ′, D′) over a T ′-scheme S to the
S-point (d,Nf (u)) of Pic(T,D), where Nf (u) is the trivialization of the invertible OS ⊗k(s) OD-
module generated byNf (OS⊗OT ′ I
′−d), which coincides with OS⊗OT I
−d by Lemma 5.38, obtained
by applying the norm map (5.37.1) to u.
Let Φη (resp. Φη′) be the local Abel-Jacobi morphism for (T,D) (resp. (T,D′)), cf. 5.23. The
following diagram is clearly commutative.
η Pic(T,D)
η′ Pic(T ′, D′)
Φη
f|η′ Nf
Φη′
Correspondingly, the following diagram is commutative up to natural isomorphism.
Loc1(η,D,Λ) Trip(T,D,Λ)
Loc1(η
′, D′,Λ) Trip(T ′, D′,Λ)
Φ−1η
f−1
|η′
N−1
f
Φ−1
η′
The rows of this diagram are equivalences of groupoids by Theorem 5.24.
5.40. Let k be an algebraic closure of k. We denote by Gk = Gal(k/k) the Galois group of the
extension k/k and by µ a unitary Λ-admissible mutiplier on the topological group Gk (cf. 2.9,
2.10). Let k′/k be a neutralizing extension of k contained in k, cf. 3.1.
Definition 5.41. Let S be a connected k-scheme and let G be a commutative S-group scheme,
which fits into an exact sequence
1→ G0 → G
d
−→ ZS → 0,
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where G0 is an S-group scheme with connected geometric fibers. A µ-twisted multiplicative
Λ-local system on G, is a pair L = (Lk′ , (ρL(g))g∈Gal(k′/k)), where Lk′ is a multiplicative Λ-local
system on the Sk′ -group scheme Gk′ (cf. 3.5), and ρL(g) : g−1Lk′ → Lk′ is an isomorphism of
multiplicative Λ-local systems for each g in Gal(k′/k), such that the diagram
g−1h−1Lk′ g
−1Lk′ Lk′
g−1ρL(h) ρL(g)
µ(g, h)dρL(gh)
is commutative for any g, h in Gal(k′/k). Here µ(g, h)d is the section of Λ× on G which is constant
equal to µ(g, h)r on the inverse image of r by the given homomorphism d : G → ZS , for each
integer r.
If L and M are µ-twisted multiplicative Λ-local systems on G, a morphism from L to M is an
isomorphism f : Lk′ →Mk′ of multiplicative Λ-local systems such that f ◦ρL(g) = ρM(g)◦ (g−1f)
for any g in Gal(k′/k).
Remark 5.42. If S is a also a k′′-scheme, for some finite extension k′′ of k, and if ι : k′′ → k
is a k-linear embedding, with Galois group Gal(ι), then as in 3.10, the groupoid of µ-twisted
multiplicative Λ-local systems on G, where S is considered as a k-scheme, is equivalent to the
groupoid of µ|Gal(ι)-twisted multiplicative Λ-local systems on the S-group scheme G, where S is
now considered as a k′′-scheme.
5.43. Let T, η and s be as in 5.16, and let Σ be the set of k-linear embeddings of k(s) in k, and
assume that k′ contains the image of any element of Σ. We then have a decomposition
Tk′ =
∐
ι∈Σ
Tι,
where Tι = T ⊗k(s),ι k′ is the spectrum of an henselian discrete valuation k′-algebra with residue
field k′. If F = (Fk′ , (ρF(g))g∈Gal(k′/k)) is a µ-twisted Λ-local system of rank 1 on η, then the
Swan conductor of the restriction Fι of Fk′ to Tι is independent of ι.
Definition 5.44. Let D be a closed subscheme of T supported on s. A µ-twisted Λ-local system
F = (Fk′ , (ρF (g))g∈Gal(k′/k)) of rank 1 on η has ramification bounded by D if for each ι in Σ (or
equivalently, some ι), the Swan conductor of Fι is strictly less than the multiplicity of D at s.
Theorem 5.45 (Local geometric class field theory, twisted version). Let D be a closed subscheme
of T supported on s, and let π be a uniformizer of k(η). Let Φη,π : η → Pic(T,D)s be the
morphism corresponding to the k(η)-point (1, 1 − π ⊗ π−1) of Pic(T,D)s. Then, the functor Φ
−1
η,π
is an equivalence from the groupoid of µ-twisted multiplicative Λ-local systems on Pic(T,D)s (cf.
5.41) to the groupoid of µ-twisted Λ-local systems of rank 1 on η, with ramification bounded by D.
This follows immediately from Theorem 5.26, and from the functoriality of local geometric class
field theory, cf. 5.37.
5.46. Let X be a smooth geometrically connected projective curve over k, let i : D → X be an
effective Cartier divisor on X , and let U be the open complement of D in X .
Definition 5.47. A µ-twisted Λ-local system F of rank 1 on U has ramification bounded by D if
for any point x of D, the restriction of F to the generic point of the henselization X(x) of X at x
has ramification bounded by the restriction of D to X(x) (cf. 5.44).
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Let us consider the Abel-Jacobi morphism
Φ : U → Pick(X,D),
which sends a section x of U to the pair (O(x), 1), cf. 5.14.1. As in 5.43, we have the following
twisted version of the main theorem of global geometric class field theory:
Theorem 5.48 (Global geometric class field theory, twisted version). Let X,U,D be as in 5.46.
Then the pullback Φ−1 by the Abel-Jacobi morphism of (X,D) realizes an equivalence from the
groupoid of µ-twisted multiplicative Λ-local systems on Pick(X,D) (cf. 5.41) to the category of
groupoid of µ-twisted Λ-local systems of rank 1 on U , with ramification bounded by D (cf. 5.47).
6. Extensions of additive groups
Let A be a perfect Fp-algebra, and let S be its spectrum. In this section, we denote by Sfppf
the topos of sheaves of sets on the small fppf site of S, cf. ([SGA4], VII.4.2), and by Ab(Sfppf) the
category of commutative group objects in Sfppf . The purpose of this section is to study extensions
of the group scheme Ga,S by a finite abelian group Γ, or equivalently to study short exact sequences
0→ Γ→ E → Ga,S → 0,
of abelian groups in Ab(Sfppf), where Γ is considered as a constant S-group scheme. In such an
exact sequence, the action of Γ on E by left multiplication turns E into a left Γ-torsor over Ga,S,
hence E is representable by a finite étale Ga,S-scheme.
6.1. Let Γ be a finite abelian group, and let G be a finitely presented S-group scheme with
geometrically connected fibers. The extensions of G by Γ in Ab(Sfppf) are classified by the elements
of the abelian group ExtAb(Sfppf )(G,Γ).
Proposition 6.2. Let i : Γ′ → Γ be an injective homomorphism of finite abelian groups and let
G be a finitely presented S-group scheme with geometrically connected fibers. Then the natural
homomorphism
ExtAb(Sfppf )(G,Γ
′)
i
−→ ExtAb(Sfppf )(G,Γ),
is injective.
Indeed, we have an exact sequence
HomAb(Sfppf )(G,Γ/Γ
′)→ ExtAb(Sfppf )(G,Γ
′)→ ExtAb(Sfppf )(G,Γ),
whose first term vanishes since G has geometrically connected fibers over S.
Proposition 6.3. Let G be a finitely presented S-group scheme with geometrically connected fibers,
annihilated by an integer n ≥ 1. Let Γ be a finite abelian group and let Γ[n] be its subgroup of
n-torsion elements. Then the natural homomorphism
ExtAb(Sfppf )(G,Γ[n])→ ExtAb(Sfppf )(G,Γ),
is an isomorphism.
Indeed, if Γ′ ⊆ Γ is the image of the multiplication by n in Γ, then we have a short exact
sequence
0→ Γ[n]→ Γ
n
−→ Γ′ → 0,
which yields an exact sequence
HomAb(Sfppf )(G,Γ
′)→ ExtAb(Sfppf )(G,Γ[n])→ ExtAb(Sfppf )(G,Γ)
n
−→ ExtAb(Sfppf )(G,Γ
′),
GEOMETRIC LOCAL ε-FACTORS 53
whose first term vanishes since G has geometrically connected fibers over S, and whose last homo-
morphism vanishes as well, since its composition with the injective homomorphism
ExtAb(Sfppf )(G,Γ
′)→ ExtAb(Sfppf )(G,Γ),
cf. 6.2, is the multiplication by n on ExtAb(Sfppf )(G,Γ), which is zero since n annihilates G.
6.4. Let G be a finitely presented affine commutative S-group scheme, and let H be an object
of Ab(Sfppf) such that any H-torsor over a finitely presented affine S-scheme is trivial. Let us
consider an extension
0→ H
ι
−→ E
r
−→ G→ 0,(6.4.1)
of G by H in Ab(Sfppf). The action of H by left multiplication on E turns the latter into a left H-
torsor over G. Since G is affine and finitely presented over S, this torsor is trivial, and thus we can
assume (and we do) that E is H ×S G as an object of Sfppf , that r(h, g) = g for any local sections
h and g of H and G, and that the left action of H on E is given by (h′, 0) + (h, g) = (h′ + h, g).
The addition on E must then take the form
(h1, g1) + (h2, g2) = (h1 + h2 + c(g1, g2), g1 + g2),(6.4.2)
for some morphism of sheaves c from G ×S G to H . Since E is a commutative group under the
law (6.4.2), we have the relations
c(g1, g2) = c(g2, g1),(6.4.3)
c(g1, g2 + g3) + c(g2, g3) = c(g1, g2) + c(g1 + g2, g3),(6.4.4)
corresponding respectively to the commutativity and the associativity of the law (6.4.2).
Conversely, if c is a morphism from G ×S G to H which satisfies the relations (6.4.3) and
(6.4.4), then the formula (6.4.2) defines an extension Ec of G by H in Ab(Sfppf), whose underlying
S-scheme is H ×S G.
Proposition 6.5. Let G be a finitely presented affine commutative S-group scheme, and let H be
an object of Ab(Sfppf) such that any H-torsor over a finitely presented affine S-scheme is trivial.
Let C(G,H) be the group of morphisms from G ×S G to H in Sfppf which satisfy the relations
( 6.4.3) and ( 6.4.4). We then have an exact sequence
0→ HomAb(Sfppf )(G,H)→ HomSfppf (G,H)
d
−→ C(G,H)
c 7→Ec−−−−→ ExtAb(Sfppf )(G,H)→ 0,
where d : HomSfppf (G,H)→ C(G,H) is the homomorphism given on sections by
d(f)(g1, g2) = f(g1 + g2)− f(g1)− f(g2).
Indeed, we already know that the map c 7→ Ec from C(G,H) to ExtAb(Sfppf )(G,H) is surjective,
and its kernel consists of the elements c of C(G,H) for which Ec is a trivial extension of G by H .
If c is such a morphism, then the surjective homomorphism Ec → G has a section, which must
take the form g 7→ (f(g), g) for some morphism f from G to H . We have
(f(g1 + g2), g1 + g2) = (f(g1), g1) + (f(g2), g2) = (f(g1) + f(g2) + c(g1, g2), g1 + g2),
for any local sections g1, g2 of G, hence d(f) = c. Conversely, any element f of HomSfppf (G,H)
such that d(f) = c provides a section g 7→ (f(g), g) of the extension Ec. Thus the sequence in
Proposition 6.5 is exact at C(G,H). The result then follows from the description of homomorphisms
from G to H as elements f of HomSfppf (G,H) such that d(f) vanishes.
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Example 6.6. Let c be the image in Fp[U1, U2] of the polynomial
Up1 + U
p
2 − (U1 + U2)
p
p
= −
p−1∑
i=1
(p− 1)!
i!(p− i)!
U i1U
p−i
2 ∈ Z[U1, U2].
Then the morphism from Ga,Fp ×Fp Ga,Fp to Ga,Fp corresponding to c belongs to C(Ga,Fp,Ga,Fp).
The corresponding extension Ec of Ga,Fp by itself is isomorphic to the Fp-group scheme of Witt
vectors of length 2.
6.7. The group G = H = Ga,S satisfy the assumptions of Proposition 6.5, and thus satisfy its
conclusion. We therefore have a homomorphism
HomSfppf (Ga,S ,Ga,S)
d
−→ C(Ga,S,Ga,S),
with kernel HomAb(Sfppf )(Ga,S ,Ga,S) and with cokernel ExtAb(Sfppf )(Ga,S,Ga,S). Moreover, the
group HomSfppf (Ga,S ,Ga,S) can be identified with the group A[U ] of polynomials in one variable
over A, while C(Ga,S ,Ga,S) can be identified with the group A[U1, U2] of polynomials c in two
variables over A, which satisfy the relations
c(U1, U2) = c(U2, U1),
c(U1, U2 + U3) + c(U2, U3) = c(U1, U2) + c(U1 + U2, U3).
Proposition 6.8 ([Se68], V.5). A polynomial f in A[U ] belongs to HomAb(Sfppf )(Ga,S ,Ga,S) if
and only if it is of the form
f(U) =
∑
r≥0
arU
pr ,
for some elements (ar)r≥0 of A.
Indeed, a polynomial f(U) =
∑
m≥0 bmU
m of A[U ] belongs to HomAb(Sfppf )(Ga,S ,Ga,S) if and
only if the element
d(f) =
∑
m≥0
bmd(U
m),
of A[U1, U2] vanishes. Since each bmd(Um) is a homogeneous polynomial of degree m, it is the
homogeneous part of degree m of d(f). Consequently, d(f) vanishes if and only if so does bmd(Um)
for eachm. The conclusion of Proposition 6.8 then follows from the fact that for each integerm ≥ 1,
we have d(Um) = 0 if and only if m is a power of p. Indeed, if m = pvn with n prime to p, then
d(Um) = d(Un)p
v
vanishes if and only if d(Un) does. We have d(U) = 0, and if n > 1, then the
coefficient of U1U
n−1
2 in d(U
n) is n, whence d(Un) is non zero since n is prime to p.
Proposition 6.9. Let E be an extension of Ga,S by itself in Ab(Sfppf), whose pushout by the
homomorphism t 7→ t− tp from Ga,S to itself is a trivial extension of Ga,S by itself. Then E is a
trivial extension of Ga,S by itself.
Indeed, let c be an element of C(Ga,S,Ga,S) such that Ec−cp a trivial extension of Ga,S by
itself. By Proposition 6.5, there exists an element f =
∑
n≥0 bnU
n of A[U ] such that we have
d(f) = c− cp. We thus have
c(U1, U2) = c(U1, U2)
p +
∑
n≥0
bnd(U
n).
In particular, we have c(0, 0) = c(0, 0)p − b0 since d(1) = −1, and thus
c(U1, U2)− c(0, 0) = (c(U1, U2)− c(0, 0))
p +
∑
n≥1
bnd(U
n).
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By iterating this identity, we obtain a relation
c(U1, U2)− c(0, 0) =
∑
v≥0
∑
n≥1
bnd(U
n)
p
v
=
∑
m≥1
cmd(U
m),
in the power series ring A[[U1, U2]], where cm =
∑
m=pvn b
pv
n . For each integer m, the polynomial
d(Um) is homogeneous of degree m. In particular, the polynomial cmd(Um) is the homogeneous
part of degree m of c(U1, U2) − c(0, 0). Since c(U1, U2) − c(0, 0) is a polynomial, we must have
cmd(U
m) = 0 for m large enough. Thus the power series
−c(0, 0) +
∑
m≥1
d(Um) 6=0
cmU
m,
is a polynomial, whose image by d is c. Consequently, Ec is a trivial extension of Ga,S by itself.
6.10. Let F : Ga,S → Ga,S be the Frobenius homomorphism, given on sections by t 7→ tp. We
then have the so-called Artin-Schreier exact sequence
0→ Fp,S → Ga,S
1−F
−−−→ Ga,S → 0.(6.10.1)
By applying the functor Hom(Ga,S,−) to this short exact sequence, we obtain a long exact sequence
HomAb(Sfppf )(Ga,S,Fp) HomAb(Sfppf )(Ga,S ,Ga,S) HomAb(Sfppf )(Ga,S ,Ga,S)
ExtAb(Sfppf )(Ga,S ,Fp) ExtAb(Sfppf )(Ga,S,Ga,S) ExtAb(Sfppf )(Ga,S,Ga,S)
1− F
δ
1− F
whose first term vanishes since Ga,S has geometrically connected fibers over S, and whose last
homomorphism is injective by Proposition 6.9. We thus have a short exact sequence
0→ HomAb(Sfppf )(Ga,S,Ga,S)
1−F
−−−→ HomAb(Sfppf )(Ga,S ,Ga,S)
δ
−→ ExtAb(Sfppf )(Ga,S ,Fp)→ 0.
(6.10.2)
Proposition 6.11. If we denote, for each element a of the ring A = Γ(S,OS), by ma the endo-
morphism of Ga,S which sends a section t to at, then the homomorphism
A⊕HomAb(Sfppf )(Ga,S ,Ga,S)→ HomAb(Sfppf )(Ga,S ,Ga,S)
(a, u) 7→ ma + F (u)− u,
is an isomorphism.
Indeed, the group HomAb(Sfppf )(Ga,S ,Ga,S) is the group of polynomials v in A[T ] which are
additive, in the sense that
v(T + S) = v(T ) + v(S).
These are exactly the polynomials of the form v(T ) =
∑
j≥0 ajT
pj , where (aj)j≥0 is a finite family
of elements of A, cf. Proposition 6.8. By writing successively monomials of the form aT p
j
with
j ≥ 1 as ap
−1
T p
j−1
+ (F − 1)(u), where u = ap
−1
T p
j−1
, we obtain that any such polynomial v can
be decomposed as
v(T ) = aT + (F − 1)(u),
for some additive polynomial u, and with a =
∑
j≥0 a
p−j
j . The homomorphism in Proposition 6.11
is thus surjective.
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On the other hand, if an additive polynomial u =
∑
j≥0 ujT
pj is such that (F − 1)(u) is of the
form aT for some element a of A, then we have
aT =
∑
j≥0
upjT
pj+1 −
∑
j≥0
ujT
pj = −u0T +
∑
j≥1
(upj−1 − uj)T
pj ,
so that a = −u0 and u
p
j−1 = uj for each j ≥ 1. This implies that for each j ≥ 0, there exists
an integer N such that up
N
j = 0, and thus uj = 0 since A is reduced. Thus such an additive
polynomial u must be zero, which proves that the homomorphism in Proposition 6.11 is injective.
Corollary 6.12. The homomorphism of abelian groups
A→ ExtAb(Sfppf )(Ga,S ,Fp)
a 7→ δ(ma)
is an isomorphism.
This follows immediately from Proposition 6.11 and from the exact sequence (6.10.2). For each
element a of A, the extension δ(ma) can be explicitly described as the pullback of the extension
(6.10.1) by the homomorphism ma.
6.13. Let Λ be an ℓ-adic coefficient ring, and let ψ : Fp → Λ× be a non trivial (hence injective)
homomorphism. The pushout by ψ of the Artin-Schreier Fp-torsor (cf. 6.10.1) yields a multiplica-
tive Λ-local system on Ga,S (cf. 5.6), which we denote by Lψ. More generally, if f : X → Ga,S is
a morphism of S-schemes, we denote by Lψ{f} the Λ-local system of rank 1 on X given by the
pullback of Lψ by f . If moreover X is an S-group scheme and if f is a homomorphism of S-group
schemes, then Lψ{f} is a multiplicative Λ-local system on X .
Proposition 6.14. Let V be a finitely generated projective A-module, and let V be the correspond-
ing S-group scheme. Then any multiplicative Λ-local system on V is isomorphic to Lψ{v
∗}, for a
unique A-linear homomorphism v∗ : V → A, considered as a homomorphism from V to Ga,S.
By 5.9, we can assume (and we do) that V is the A-module A, and thus that V is Ga,S. Moreover,
we can assume (and we do as well) that Λ is finite, in which case multiplicative Λ-local systems on
Ga,S correspond to extensions in Sfppf of Ga,S by the finite abelian group Λ×. Since ψ realizes an
isomorphism from Fp to the p-torsion subgroup of Λ×, we deduce from Proposition 6.3 that the
homomorphism
ExtAb(Sfppf )(Ga,S,Fp)
ψ
−→ ExtAb(Sfppf )(Ga,S ,Λ
×),
induced by ψ is an isomorphism. The conclusion then follows from Corollary 6.12.
Corollary 6.15. Assume that A = k is an algebraically closed field. Let V be a k-vector space of
finite dimension r ≥ 1, let V be the corresponding k-group scheme and let M be a multiplicative
Λ-local system on V. Then the cohomology group
Hνc (V ,M)
vanishes for each integer ν, unless ν = 2r and M is trivial, in which case it is a free Λ-module of
rank 1.
By Proposition 6.14, we can assume that V is kr and that M is Lψ{x1}, where x1 : kr → k is
the first coordinate. If Fp is the algebraic closure of Fp in k, then for each integer ν the group
Hνc (V ,M) = H
ν
c (G
r
a,k,Lψ{x1})
is isomorphic to Hνc (G
r
a,Fp
,Lψ{x1}), which vanishes by ([SGA4
1
2 ], [Sommes trig.] Th. 2.7).
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Corollary 6.16. Assume that A = k is an algebraically closed field of characteristic p 6= 2. Let
V be a k-vector space of finite dimension r ≥ 1, let V be the corresponding k-group scheme, let
γ : V → k be a non zero linear form and let M be a multiplicative Λ-local system on V. Then the
cohomology group
Hνc (V ,M⊗Lψ{γ
2})
vanishes for each integer ν, unless ν = 2r − 1 and M is isomorphic to Lψ{αγ} for some element
α of k, in which case it is a free Λ-module of rank 1.
Indeed, if t is the coordinate on Ga,S , then the projection formula yields an isomorphism
Rγ!(M⊗Lψ{γ
2}) ∼= Rγ!(M)⊗ Lψ{t
2}.
By Corollary 6.15 and by multiplicativity ofM, the geometric fibers of this complex vanish unless
the restriction of M to the kernel of γ is trivial. By Proposition 6.14, the multiplicative Λ-
local system M is isomorphic to Lψ{v∗} for a unique linear form v∗ on V . We thus obtain that
Rγ!(M⊗Lψ{γ
2}) vanishes unless the restriction of v∗ to the kernel of γ vanishes, in which case
we have v∗ = αγ for some element α of k.
When M is isomorphic to Lψ{αγ} for some element α of k, we have
Rγ!(M⊗Lψ{γ
2}) ∼= Rγ!(Λ)⊗ Lψ{αt+ t
2}
∼= Lψ{αt+ t
2}(−r)[−2r],
and the conclusion then follows from the fact that the cohomology group
Hνc (Ga,k,Lψ{αt+ t
2})
is of rank 1 for ν = 1, and vanishes otherwise. Indeed, this group vanishes for ν = 0 since
Lψ{αt + t
2} has no punctual sections, it vanishes for ν = 2 by Poincaré duality, and its Euler
characteristic is −1 by the Grothendieck-Ogg-Shafarevich formula, since the Swan conductor of
Lψ{αt+ t
2} at ∞ is 2.
6.17. We now assume that S is of characteristic p = 2. The element c = U1U2 of A[U1, U2] belongs
to C(Ga,S,Ga,S) (cf. 6.5), and thus defines an extension G = Ec of Ga,S by itself, cf. 6.7. Thus G
is Ga,S ×S Ga,S as an S-scheme, endowed with the multiplication
(t1, u1) + (t2, u2) = (t1 + t2 + u1u2, u1 + u2),
for sections t1, u1, t2, u2 of Ga,S. Equivalently, the S-group scheme G is the pullback to S of the
group of Witt vectors of length 2 over F2, cf. 6.6.
The group G satisfies the assumptions of Proposition 6.5, and thus satisfies its conclusion. We
therefore have a homomorphism
HomSfppf (G,G)
d
−→ C(G,G),
with kernel HomAb(Sfppf )(G,G) and with cokernel ExtAb(Sfppf )(G,G). The group HomSfppf (G,G)
can be identified with the group of couples f = (f0, f1) of elements of A[T, U ].
Proposition 6.18. For p = 2, let G be the extension of Ga,S by itself defined by c(U1, U2) = U1U2
(cf. 6.7). A couple f = (f0, f1) of elements of A[T, U ] belongs to HomAb(Sfppf )(G,G) if and only if
it is of the form (
a
(
T
1
2
)2
+ a˜(U) + b(U), a(U)
)
,
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where a(U) =
∑
r≥0 arU
2r and b(U) are additive polynomials, and where
a
(
T
1
2
)2
=
∑
r≥0
a2rT
2r ,
a˜(U) =
∑
r1>r2≥0
ar1ar2U
2r1+2r2 .
Indeed, such a couple f = (f0, f1) belongs to HomAb(Sfppf )(G,G) if and only if d(f) vanishes,
namely if and only if the relations
f0(T1 + T2 + U1U2, U1 + U2) = f0(T1, U1) + f0(T2, U2) + f1(T1, U1)f1(T2, U2)(6.18.1)
f1(T1 + T2 + U1U2, U1 + U2) = f1(T1, U1) + f1(T2, U2),(6.18.2)
hold in A[T1, U1, T2, U2]. Setting U1 = T2 = 0 in (6.18.2), we obtain
f1(T1, U2) = f1(T1, 0) + f1(0, U2).
Setting U1 = U2 = 0 in (6.18.2), we obtain that f1(T, 0) is an additive polynomial, so that we can
write
f1(T, 0) =
∑
r≥0
xrT
2r ,
for some elements (xr)r of A (cf. Proposition 6.8), while setting T1 = T2 = 0 in (6.18.2) yields
f1(0, U1 + U2) + f1(U1U2, 0) = f1(0, U1) + f1(0, U2).
Writing f1(0, U) as
∑
n≥0 ynU
n for some elements (yn)n of A, we obtain∑
n≥0
yn ((U1 + U2)
n − Un1 − U
n
2 ) +
∑
r≥0
xrU
2r
1 U
2r
2 = 0.
For each integer r ≥ 0, the homogeneous part of degree 2r+1 in this relation yields the vanishing
of xrU2
r
1 U
2r
2 , hence xr = 0. We thus have
f1(T, U) = a(U),
and a(U) = f1(0, U) is an additive polynomial.
Setting U1 = T2 = 0 in (6.18.1), we obtain
f0(T1, U2) = f0(T1, 0) + f0(0, U2) + f1(T1, 0)f1(0, U2) = f0(T1, 0) + f0(0, U2),
since f1(T1, 0) = a(0) vanishes. Setting U1 = U2 = 0 in (6.18.1), we obtain that f0(T, 0) is an
additive polynomial, so that we can write
f0(T, 0) =
∑
r≥0
crT
2r ,
for some elements (cr)r of A (cf. Proposition 6.8), while setting T1 = T2 = 0 in (6.18.1) yields
f0(0, U1 + U2) + f0(U1U2, 0) = f0(0, U1) + f0(0, U2) + a(U1)a(U2).(6.18.3)
Let us write the additive polynomial a(U) as
∑
r≥0 arU
2r , cf. Proposition 6.8, and let us write the
polynomial f0(0, U) as
∑
n≥0 bnU
n for some elements (bn)n of A, so that (6.18.3) can be written
as ∑
n≥0
bn ((U1 + U2)
n − Un1 − U
n
2 ) =
∑
r1,r2≥0
ar1ar2U
2r1
1 U
2r2
2 −
∑
r≥0
crU
2r
1 U
2r
2 .
For each integer r ≥ 0, the homogeneous part of degree 2r+1 in this relation yields the vanishing
of (a2r − cr)U
2r
1 U
2r
2 , hence cr = a
2
r . Furthermore, for each integer n which is not a power of 2, the
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homogeneous part of degree n in this relation yields bn = ar1ar2 if n = 2
r1 + 2r2 for some pair of
distinct integers (r1, r2), and bn = 0 otherwise. We thus have
f0(0, U) = a˜(U) + b(U),
where b(U) =
∑
r≥0 b2rU
2r is an additive polynomial and where a˜(U) =
∑
r1>r2≥0
ar1ar2U
2r1+2r2 .
Moreover, the relation cr = a2r yields f0(T, 0) = a(T
1
2 )2, so that
f0(T, U) = f0(T, 0) + f0(0, U) = a
(
T
1
2
)2
+ a˜(U) + b(U),
hence the conclusion of Proposition 6.18.
Proposition 6.19. For p = 2, let G be the extension of Ga,S by itself defined by c(U1, U2) = U1U2
(cf. 6.7), and let F be the endomorphism (t, u) 7→ (t2, u2) of G. Let E be an extension of G by
itself in Ab(Sfppf), whose pushout by the endomorphism 1− F of G is a trivial extension of G by
itself. Then E is a trivial extension of G by itself.
We prove Proposition 6.19 by an argument similar to the one we used to prove Proposition 6.9.
We endow A[T, U ] (resp. A[T1, U1, T2, U2]) with a structure of N-graded A-algebra by assigning
weight 2 to the variable T (resp. T1, T2), and weight 1 to the variable U (resp. U1, U2). If B is
an N-graded A-algebra, an element f = (b0, b1) of G(B) is said to be homogeneous of degree n
if b0 and b1 are homogeneous elements of degrees n and n2 respectively in B. In particular, we
have b1 = 0 if n is odd. One should note that for each integer n, the subset of G(B) consisting of
homogeneous elements of degree n is a subgroup of G(B). Any element f of G(B) can be uniquely
written as a finite sum
f =
∑
n≥0
fn,
where fn is a homogeneous element of degree n in G(B). The element fn of G(B) will be referred
to as the homogeneous part of degree n of f .
Let γ be an element of C(G,G) such that Eγ−F (γ) is a trivial extension of G by itself. By
Proposition 6.5, there exists an element f of G(A[T, U ]) such that d(f) = γ − F (γ). Let us write
f =
∑
n≥0 fn as the sum of its homogeneous parts, as above. We have
γ(T1, U1, T2, U2) = F (γ(T1, U1, T2, U2)) +
∑
n≥0
d(fn),
in A[T1, U1, T2, U2]. In particular, we have γ(0) = F (γ(0)) + d(f0), and thus
γ(T1, U1, T2, U2)− γ(0) = F (γ(T1, U1, T2, U2)− γ(0)) +
∑
n≥1
d(fn).
By iterating this identity, we obtain a relation
γ(T1, U1, T2, U2)− γ(0) =
∑
v≥0
F v
∑
n≥1
d(fn)
 = ∑
m≥1
d(gm),
in the group G(A[[T1, U1, T2, U2]]), where gm =
∑
m=pvn F
v(fn) is homogeneous of degree m.
For each integer m, the element d(gm) of G(A[T1, U1, T2, U2]) is homogeneous of degree m. In
particular, the homogeneous part of degree m of γ(T1, U1, T2, U2) − γ(0) is d(gm). Since the
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element γ(T1, U1, T2, U2)− γ(0) of G(A[T1, U1, T2, U2]) has a non zero homogeneous part of degree
m for only finitely many integersm, we must have d(gm) = 0 form large enough. Thus the element
−γ(0) +
∑
m≥1
d(gm) 6=0
gm,
of G(A[[T1, U1, T2, U2]]) belongs to G(A[T1, U1, T2, U2]), and its image by d is γ. Consequently, Eγ
is a trivial extension of G by itself.
6.20. For p = 2, let G be the extension of Ga,S by itself defined by c(U1, U2) = U1U2 (cf. 6.7),
and let F be the endomorphism (t, u) 7→ (t2, u2) of G. We then have the Lang-Artin-Schreier exact
sequence
0→ G(F2)→ G
1−F
−−−→ G→ 0.(6.20.1)
By applying the functor Hom(G,−) to this short exact sequence, we obtain a long exact sequence
HomAb(Sfppf )(G,G(F2)) HomAb(Sfppf )(G,G) HomAb(Sfppf )(G,G)
ExtAb(Sfppf )(G,G(F2)) ExtAb(Sfppf )(G,G) ExtAb(Sfppf )(G,G)
1− F
δ
1− F
whose first term vanishes since G has geometrically connected fibers over S, and whose last homo-
morphism is injective by Proposition 6.19. We thus have a short exact sequence
0→ HomAb(Sfppf )(G,G)
1−F
−−−→ HomAb(Sfppf )(G,G)
δ
−→ ExtAb(Sfppf )(G,G(F2))→ 0.(6.20.2)
Remark 6.21. There is a unique isomorphism of abelian groups
Z/4Z→ G(F2)
which sends 1 to (0, 1).
For any additive polynomials a(U) =
∑
r≥0 arU
2r and b(U) with coefficients in A, let us denote
by 〈a, b〉 the element of HomAb(Sfppf )(Ga,S ,Ga,S) given by
〈b, a〉 =
(
a
(
T
1
2
)2
+ a˜(U) + b(U), a(U)
)
where we have set a˜(U) =
∑
r1>r2≥0
ar1ar2U
2r1+2r2 . By Proposition 6.18, any endomorphism of G
is of the form 〈b, a〉 for a (necessarily unique) couple (a, b) of additive polynomials with coefficients
in A.
Proposition 6.22. The map
A2 ×HomAb(Sfppf )(G,G)→ HomAb(Sfppf )(G,G)
((β, α), f) 7→ 〈βU, αU〉+ f − F ◦ f,
is bijective.
Let 〈b, a〉 be an endomorphism of G, where a(U) =
∑
r≥0 arU
2r and b(U) are additive polyno-
mials with coefficients in A. By Proposition 6.11, there exists a unique element α of A and a unique
additive polynomial g(U) with coefficients in A such that a(U) is equal to αU + g(U)− g(U)2. We
thus have
〈b, a〉 = 〈b′, αU〉+ (1 − F )(〈0, g〉),
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for a uniquely determined additive polynomial b′. By Proposition 6.11 again, there exists a unique
element β of A and a unique additive polynomial h(U) with coefficients in A such that b′(U) is
equal to βU + h(U)− h(U)2. We then have
〈b, a〉 = 〈βU, αU〉+ (1− F )(〈h, 0〉) + (1− F )(〈0, g〉)
= 〈βU, αU〉+ (1− F )(〈h, g〉),
hence the conclusion of Proposition 6.22.
Corollary 6.23. For p = 2, let G be the extension of Ga,S by itself defined by c(U1, U2) = U1U2
(cf. 6.7). Then the map
G(A)→ ExtAb(Sfppf )(G,G(F2))
(β, α) 7→ δ(〈β
1
2U, αU〉)
is an isomorphism of abelian groups.
The bijectivity of the map in Corollary 6.23 follows immediately from Proposition 6.22 and from
the exact sequence (6.20.2). The fact that this map is a group homomorphism follows from the
following computation: if (β1, α1) and (β2, α2) are elements of G(A), then we have
〈β
1
2
1 U, α1U〉+ 〈β
1
2
2 U, α2U〉 = 〈(β1 + β2)
1
2U + α1α2U
2, (α1 + α2)U〉,
and the right hand side can be decomposed as
〈(β1 + β2)
1
2U + α1α2U
2, (α1 + α2)U〉 = 〈(β1 + β2 + α1α2)
1
2U, (α1 + α2)U〉 − (1− F )(〈α
1
2
1 α
1
2
2 U, 0〉),
hence the conclusion.
6.24. For p = 2, let G be the extension of Ga,S by itself defined by c(U1, U2) = U1U2 (cf. 6.7). Let
Λ be an ℓ-adic coefficient ring, and let ξ : G(F2) → Λ× be an injective homomorphism of abelian
groups; this amounts to a choice of primitive fourth root of unity in Λ, cf. Remark 6.21.
The pushout by ξ of the Lang-Artin-Schreier G(F2)-torsor (cf. 6.10.1) yields a multiplicative
Λ-local system on G (cf. 5.6), which we denote by Lξ. More generally, if f = (f0, f1) : X → G is a
morphism of S-schemes, we denote by Lξ{f0, f1} the Λ-local system of rank 1 on X given by the
pullback of Lξ by f . If moreover X is an S-group scheme and if f = (f0, f1) is a homomorphism
of S-group schemes, then Lξ{f0, f1} is a multiplicative Λ-local system on X .
If f = (f0, f1) and f ′ = (f ′0, f
′
1) are S-morphisms from an S-schemeX toG, then multiplicativity
of Lξ on G yields an isomorphism
Lξ{f0, f1} ⊗ Lξ{f
′
0, f
′
1}
∼= Lξ{f0 + f
′
0 + f1f
′
1, f1 + f
′
1}(6.24.1)
of Λ-local systems on X .
Remark 6.25. For any morphism f : X → Ga,S of S-schemes, the Λ-local system Lξ{f, 0} is
isomorphic to the Artin-Schreier local system Lψ{f} from 6.13, where ψ is the restriction of ξ to
the subgroup F2 of G(F2). Moreover, the composition of ψ with the surjective homomorphism
G(F2)→ F2 is equal to ξ2, and we have isomorphisms by 6.24.1
Lξ{f0, f1}
⊗2 ∼= Lξ{f
2
1 , 0}
∼= Lψ{f
2
1 }
∼= Lψ{f1},
for any morphism f = (f0, f1) : X → G of S-schemes.
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Proposition 6.26. Let V be a finitely generated projective A-module, and let V be the correspond-
ing S-group scheme. Let γ : V → A be a surjective A-linear homomorphism, and let V˜ be the
extension of V by Ga,S defined by the element c : (v1, v2) 7→ γ(v1)γ(v2) of C(V ,Ga,S), cf. 6.5. We
denote by t : V˜ → Ga,S and by v : V˜ → V the canonical projections.
Then any multiplicative Λ-local system on V˜ is isomorphic to Lξ{α
2t + v∗(v), αγ(v)}, for a
unique A-linear homomorphism v∗ : V → A, considered as a homomorphism from V to Ga,S, and
a unique element α of A.
By 5.9 and by Proposition 6.14, we can assume (and we do) that V is the A-module A, that γ
is the identity, and thus that V˜ is G. Moreover, we can assume (and we do as well) that Λ is finite,
in which case multiplicative Λ-local systems on G correspond to extensions in Sfppf of G by the
finite abelian group Λ×. Since ξ realizes an isomorphism from G(F2) to the 4-torsion subgroup of
Λ×, we deduce from Proposition 6.3 that the homomorphism
ExtAb(Sfppf )(G,G(F2))
ξ
−→ ExtAb(Sfppf )(G,Λ
×),
induced by ξ is an isomorphism. The conclusion then follows from Corollary 6.23.
Corollary 6.27. Assume that A = k is an algebraically closed field of characteristic p = 2.
Let V a k-vector space of finite dimension r ≥ 1, let V be the corresponding k-group scheme, let
γ : V → k be a non zero linear form, and let V˜ be the extension of V by Ga,S defined by the element
c : (v1, v2) 7→ γ(v1)γ(v2) of C(V ,Ga,S), cf. 6.5. We denote by t : V˜ → Ga,S and by v : V˜ → V the
canonical projections.
LetM be a multiplicative Λ-local system on V, and let α be an element of k. Then the cohomology
group
Hνc (V˜ ,M⊗Lξ{α
2t, 0})
vanishes for each integer ν, unless ν = 2r + 2, α = 0 and M is trivial, or ν = 2r + 1, α is non
zero and M is isomorphic to Lξ{α
2t + δγ(v), αγ(v)} for some element δ of k, in which case it is
a free Λ-module of rank 1.
By Proposition 6.26, the multiplicative Λ-local system M isomorphic to Lξ{β2t+ v∗(v), βγ(v)}
for some k-linear form v∗ : V → k, and some element β of k. The projection formula yields an
isomorphism
Rv!(M⊗Lξ{α
2t, 0}) ∼= Rv!(Lξ{(β
2 + α2)t, 0})⊗ Lξ{v
∗(v), βγ(v)},
and this complex is quasi-isomorphic to 0 by Corollary 6.15 and Remark 6.25, unless β = α, in
which case it is quasi-isomorphic to Lξ{v∗(v), βγ(v)}[−2]. We can thus assume (and we do) that
β = α, and we must prove that
Hνc (V ,Lξ{v
∗(v), αγ(v)})
vanishes for each integer ν, unless ν = 2r and M is trivial, or ν = 2r − 1 and v∗ = δγ for some
element δ of k, in which case it is a free Λ-module of rank 1.
If α = 0, this follows from Corollary 6.15 and Remark 6.25. We now assume that α is non zero.
In this case, by Corollary 6.15 and Remark 6.25 again, the complex
Rγ!(Lξ{v
∗(v), αγ(v)}) ∼= Rγ!(Lξ{v
∗(v), 0})⊗ Lξ{0, αx},
where x is the coordinate on Ga,k, vanishes unless the restriction of v∗ to the kernel of γ vanishes,
namely if and only v∗ = δγ for some element δ of k, in which case it is isomorphic by the projection
formula to
Rγ!(Λ)⊗ Lξ{δx, 0} ⊗ Lξ{0, αx} ∼= Lξ{δx, αx}[2− 2r].
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It remains to prove that
Hνc (Ga,k,Lξ{δx, αx})
vanishes for each integer ν, unless ν = 1, in which case it is of rank 1. Since Lξ{δx, αx} has no
punctual sections, this group vanishes for ν = 0, and by Poincaré duality it vanishes as well for
ν = 2. In order to conclude, it remains to compute the Euler characteristic with compact supports
of Lξ{δx, αx} on Ga,k.
The Swan conductor of Lξ{δx, αx} at infinity is equal to the highest ramification jump of the
extension k((x−1))[t, u] of k((x−1)) where
u− u2 = αx,
t− t2 = u3 + δx,
corresponding to the equation (t, u) − (t2, u2) = (δx, αx) in G. The only ramification jump of
the extension k((x−1))[t, u]/k((x−1))[u] (resp. k((x−1))[u]/k((x−1))), which is a degree 2 Galois
extension, is 3 (resp. 1). Thus the extension k((x−1))[t, u] of k((x−1)) has two ramification jumps,
namely 1 and some rational number j > 1. The slope between 1 and 3 of the Herbrand function of
the extension k((x−1))[t, u]/k((x−1)), cf. ([Se68], IV.3), is equal 12 , namely the inverse of the degree
of the subextension k((x−1))[u]/k((x−1)). This slope is also equal to j−13−1 =
j−1
2 hence j − 1 = 1,
and thus the second ramification jump of the extension k((x−1))[t, u]/k((x−1)) is equal to j = 2.
Consequently, the Swan conductor of Lξ{δx, αx} at infinity is equal to 2, and the Grothendieck-
Ogg-Shafarevich formula implies that the Euler characteristic with compact supports of Lξ{δx, αx}
on Ga,k is equal to −1, which concludes the proof of Proposition 6.27.
7. Geometric local ε-factors for sheaves of generic rank at most 1
Let Λ be an ℓ-adic coefficient ring (cf. 1.13, 2.2) which is a field, and let ψ : Fp → Λ× be a non
trivial homomorphism. We fix a unitary Λ-admissible mutiplier µ on the topological group Gk (cf.
2.9, 2.10).
Let T be the spectrum of a k-algebra, which is a henselian discrete valuation ring OT , with
maximal ideal m, and whose residue field OT /m is a finite extension of k. Let j : η → T be the
generic point of T , and let i : s→ T be its closed point, so that T is canonically an s-scheme, as in
5.16. We fix a k-point s : Spec(k) → T of T above s, so that the Galois group Gs = Gal(k/k(s))
can be considered as a subgroup of Gk. We still denote by µ the restriction of µ to Gs. We also
fix a geometric point η of T above η.
7.1. We denote by Ω1η = Ω
1
η/k the one-dimensional k(η)-vector space of 1-forms over η; it is
endowed with a differential d : k(η) → Ω1η, which is continuous for the valuation topology, and
such that dπ is non zero for any uniformizer π of k(η). We also denote by Ω1,×η the k(η)
×-torsor
of non zero elements of Ω1η. If ω is an element of Ω
1,×
η , we denote by v(ω) the unique integer such
that for any uniformizer π of k(η), the element ωdπ of k(η)
× has valuation v(ω).
7.2. Let F be a Λ-sheaf on T . The conductor of the couple (T,F) is the integer
a(T,F) = rk(Fη) + sw(Fη)− rk(Fs).
Following Laumon ([La87], 3.1.5.1), if ω is an element of Ω1,×η (cf. 7.1), we define the conductor of
the triple (T,F , ω) to be the integer
a(T,F , ω) = a(T,F) + rk(Fη)v(ω).
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7.3. Let f : T ′ → T be a finite generically étale morphism, where T ′ is the spectrum of a henselian
discrete valuation ring, with generic extension η′ → η and residual extension s′ → s. Let F be a
Λ-sheaf on T ′, and let ω be an element of Ω1,×η′ . We then have
a(T, f∗F) = [s
′ : s]a(T,F) + v(∂η′/η)rk(Fη),
by ([Se68], IV.2 Prop. 4), where ∂η′/η denotes the discriminant of the separable extension η′ → η,
cf. ([Se68], III.3). We have v(∂η′/η) = [s′ : s]v(∂η′/ηs′ ), and
[η′ : ηs′ ]v(ω) + v(∂η′/ηs′ ) = v(f
∗ω),
hence the formula
a(T, f∗F , ω) = [s
′ : s]a(T,F , f∗ω).
7.4. Let F be a µ-twisted Λ-sheaf on T supported on s (cf. 3.7), where T is considered either as
a k-scheme or as an s-scheme (cf. 3.10), and let ω be an element of Ω1,×η . For any element ω of
Ω1,×η , we define the ε-factor of the triple (T,F , ω) to be the Λ-admissible map
εs(T,F , ω) : Gs → Λ
×
g 7→ det (g | Fs)
−1
The map εs(T,F , ω) defines a Λ-admissible representation of rank 1 of (Gs, µ−rkFs) which is
isomorphic to det (Fs)
−1. In particular, we have
d1(εs(T,F , ω)) = µ
−rkFs = µa(T,F ,ω),
cf. 2.6 and 7.2 for the notation.
7.5. Let F be a µ-twisted Λ-sheaf on T (cf. 3.7, 3.10), supported on η, such that j−1F is of rank
1, and let ω be an element of Ω1,×η . Then j
−1F is a µ-twisted Λ-local system of rank 1 on η. Let
D = νs be an effective Cartier divisor on T such that j−1F has ramification bounded by D (cf.
5.44). Theorem 5.45 then produces a µ-twisted multiplicative Λ-local system χj−1F (cf. 5.41, 5.42)
on the s-group scheme Pic(T,D)s (cf. 5.20).
Recall from 5.30 that Pic(T,D)s is naturally isomorphic to the functor which sends an s-scheme
S to the group of pairs (d, u), where d is a locally constant Z-valued map on S, and
u : OS ⊗k(s) OT /m
ν → OS ⊗k(s) m
−d/m−d+ν
is an isomorphism of OS ⊗k(s)OT /mν-modules. Denoting by Pic
d(T,D)s the component of degree
d of Pic(T,D)s, we consider the morphism
Resω : Pic
a(T,F ,ω)(T,D)s → Ga,s
u 7→ Res(uω),
cf. 4.6, which is well defined since ν − a(T,F , ω) is greater than or equal to −v(ω).
Proposition 7.6. The cohomology group
Hjc
(
Pica(T,F ,ω)(T,D)s, χj−1F ⊗ Lψ{Resω}
)
,
vanishes for j 6= 2ν − a(T,F), and is a Λ-module of rank 1 if j = 2ν − a(T,F).
The Artin-Schreier sheaf Lψ{Resω} is defined in the paragraph 6.13. An equivalent version of
Proposition 7.6 appears with a lacunary proof in Section g.(B) of Deligne’s 1974 letter to Serre,
published as an appendix in [BE01]. We postpone the proof of Proposition 7.6 to the paragraphs
7.14, 7.15, 7.16, 7.18 and 7.20 below.
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Definition 7.7. Let F be a µ-twisted Λ-sheaf on T , supported on η, such that j−1F is of rank
1, and let D be an effective Cartier divisor on T such that j−1F has ramification bounded by D
(cf. 5.17), namely sw(Fη) is strictly less than the multiplicity ν of D at s. Let ω be an element
of Ω1,×η . The ε-factor of the triple (T,F , ω) is the Λ-admissible map εs(T,F , ω) : Gs → Λ
× such
that
εs(T,F , ω)(g) = Tr
(
g | H2ν−a(T,F)c
(
Pica(T,F ,ω)(T,D)s, χj−1F ⊗ Lψ{Resω}(ν − a(T,F , ω))
))
,
for any g in Gs.
Since χj−1F ⊗ Lψ{Resω} is a µa(T,F ,ω)-twisted Λ-sheaf on Pic
a(T,F ,ω)(T,D)s (cf. 5.41), and
since the cohomology group in 7.7 is of rank 1 by Proposition 7.6 we obtain
d1(εs(T,F , ω)) = µ
a(T,F ,ω),
cf. 3.14.
The notation εs(T,F , ω) suggests that the choice of D is irrelevant. We have indeed:
Proposition 7.8. Let F , D, ω be as in 7.7. Then the map εs(T,F , ω) is independent of the choice
of D.
Indeed, if δ is a positive integer, let us consider the projection morphism
τ : Pica(T,F ,ω)(T,D + δs)s → Pic
a(T,F ,ω)(T,D)s,
which sends for any k-scheme S a trivialization u of OS ⊗k(s) m−a(T,F ,ω)/m−a(T,F ,ω)+ν+δ to its
image in OS ⊗k(s) m−a(T,F ,ω)/m−a(T,F ,ω)+ν. It is a (trivial) fibration in affine spaces of dimension
δ. Let G be the Λ-sheaf χj−1F ⊗ Lψ{Resω} on Pic
a(T,F ,ω)(T,D)s. The trace homomorphism
Rτ!τ
−1G(δ)[2δ]→ G,
is an isomorphism, and thus the Leray spectral sequence for (τ,G) yields that the Λ-admissible
representation given by
H2ν+2δ−a(T,F)c
(
Pica(T,F ,ω)(T,D + δ)s, τ
−1G(ν + δ − a(T,F , ω))
)
,
is isomorphic to
H2ν−a(T,F)c
(
Pica(T,F ,ω)(T,D)s,G(ν − a(T,F , ω))
)
,
hence the result.
7.9. Let F be a µ-twisted Λ-sheaf on T , such that Fη is of rank at most 1 over Λ, and let ω be an
element of Ω1,×η . If F is supported on a single point of T , then we defined the ε-factor of (T,F , ω)
in 7.4 and 7.7. We combine these two definitions as follows:
Definition 7.10. Let F be a µ-twisted Λ-sheaf on T , such that j−1F is of rank at most 1 over
Λ. The ε-factor of the triple (T,F , ω) is the Λ-admissible map from Gs to Λ× given by
εs(T,F , ω) = εs(T, j!j
−1F , ω)εs(T, i∗i
−1F , ω).
It follows from 7.4 and 7.7 that we have
d1(εs(T,F , ω)) = µ
a(T,F ,ω).
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7.11. Let F be a µ-twisted Λ-sheaf of rank 1 on η, with ramification bounded by D = νs (cf.
5.44). If z is an element of valuation d in k(η)×, then the image of z−1 in m−d/m−d+ν yields an
s-point of Picd(T,D)s. The restriction χF|z−1 of χF to this s-point is a Λ-local system of rank 1
on s, and we define
〈χF 〉(z) : Gs → Λ
×
g 7→ det
(
g | (χF|z−1)s
)
,
so that d1(〈χF 〉(z)) = µd. The map 〈χF 〉(z) depends only on F and z, and not on the choice of
D. By multiplicativity of the local system χF (cf. 5.1), we have
〈χF 〉(z1z2) = 〈χF 〉(z1)〈χF 〉(z2)
for any elements z1, z2 of k(η)×.
Proposition 7.12. Let F be a µ-twisted Λ-sheaf on T , such that j−1F is of rank 1 over Λ. For
any element α of k(η)×, of valuation v(α), we have
εs(T,F , αω) = 〈χj−1F〉(α)χ
−v(α)
cyc εs(T,F , ω),
where 〈χj−1F 〉 is as in 7.11, and χcyc is the ℓ-adic cyclotomic character of k (cf. 1.13).
Indeed, we have an isomorphism
θ : Pica(T,F ,ω)(T,D)s → Pic
a(T,F ,αω)(T,D)s
u 7→ α−1u,
of s-schemes, such that the pullback of χj−1F ⊗Lψ{Resαω}(ν − a(T,F , αω)) by θ is isomorphic to
the twist of χj−1F ⊗ Lψ{Resω}(ν − a(T,F , ω)) by (χj−1F)|α−1(−v(α)).
Proposition 7.13. Let n ≥ 1 be an integer prime to p, and let h be an element of k(η) of valuation
−n, and let us consider the Artin-Schreier Λ-sheaf Lψ{h} on η (cf. 6.13). Let M be a µ-twisted
Λ-sheaf on η of rank 1 with ramification bounded by the divisor ⌈n2 ⌉s, and let us consider the
µ-twisted Λ-sheaf F =M⊗Lψ{−h}. For any element ω of Ω
1,×
η , we have:
• if n = 2n′ − 1 is odd then
εs(T, j!F , ω) = 〈χF 〉
( ω
dh
)
χ
−v( ωdh )+n
′
cyc ,
• if n = 2n′ is even then p is odd and we have
εs(T, j!F , ω) = 〈χF 〉
( ω
dh
)
χ
−v( ωdh )+n
′+1
cyc γψ(−nh0),
where h0 is an element of k(s)
× such that hh0 is a square in k(η)
×, and where, for any
element c of k(s), we have set
γψ(c) : Gs → Λ
×
g 7→ det
(
g | H1c
(
Ga,s,Lψ{
ct2
2
})
))
.
When k is a finite field of odd characteristic, the conclusion of Proposition 7.13 follows from
([AS10], Prop. 8.7) and from Proposition 7.22 below.
We note that the Swan conductor of a µ-twisted Λ-sheaf F as in Proposition 7.13 is n. By
Proposition 7.12, it is sufficient to prove Proposition 7.13 when ω = dππn+1 , for a fixed uniformizer
π, in which case ωdh has valuation 0. The conclusion then follows from the proof of Proposition 7.6
below, cf. Porisms 7.17 and 7.19.
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7.14. We now prove Proposition 7.6. Let us first consider the projection morphism
τ : Pica(T,F ,ω)(T,D)s → Pic
a(T,F ,ω)(T, a(T,F)s)s,
of relative dimension δ = ν−a(T,F), which sends for any k-scheme S a trivialization u of OS⊗k(s)
m
−a(T,F ,ω)/m−a(T,F ,ω)+ν to its image in OS⊗k(s)m−a(T,F ,ω)/m−v(ω). Let G be the Λ-sheaf χj−1F⊗
Lψ{Resω} on the s-group scheme Pic
a(T,F ,ω)(T, a(T,F)s)s. As in the proof of 7.8, we have an
isomorphism
Rτ!τ
−1G(δ)[2δ]→ G,
hence the Leray spectral sequence for (τ,G) implies that it is enough to prove Proposition 7.6 when
the multiplicity ν of D at s is exactly a(T,F).
Let us now assume that ν is equal to a(T,F). Let π be a uniformizer of k(η). Let us write
ω = α−1 dππν for some element α of k(η)
× of valuation −a(T,F , ω) = −ν− v(ω), and let us consider
the isomorphism
θ : Pic0(T,D)s → Pic
a(T,F ,ω)(T,D)s
u 7→ αu.
The pullback of χj−1F by θ coincides with χj−1F on Pic
0(T,D)s, up to twist by the fiber α−1χj−1F
of χj−1F at the s-point α, while the pullback of Lψ{Resω} is isomorphic to Lψ{Resπ−νdπ}. Thus
we can assume that ω is equal to dππν , so that we have a(T,F , ω) = 0.
7.15. Let us prove Proposition 7.6 when ω is equal to dππν and when ν = a(T,F) is equal to 1. In
this case, the s-group scheme Pic0(T,D)s is simply the multiplicative group Gm,s, and Lψ{Resω}
coincides with Lψ{t}. Any multiplicative Λ-local system on Gm,s, such as χj−1F , is tamely ramified
at 0 and ∞, cf. for example ([Gu18], 3.15). Thus the Λ-local system χj−1F ⊗ Lψ{t} on Gm,s has
Swan conductor 0 at 0, and 1 at infinity. By the Grothendieck-Ogg-Shafarevich formula, we have
χc(Gm,s, χj−1F ⊗ Lψ{t}) = 2− 1− 2 = −1.
Moreover, the cohomology groups H0c (Gm,s, χj−1F ⊗Lψ{t}) and H
0(Gm,s, χ
−1
j−1F ⊗Lψ{−t}) both
vanish, and so does the group
H2c (Gm,s, χj−1F ⊗ Lψ{t}),
by Poincaré duality. This proves that the cohomology group
Hjc (Gm,s, χj−1F ⊗ Lψ{t}),
vanishes when j 6= 1, and is of rank 1 when j is equal to 1.
7.16. Let us prove Proposition 7.6 when ω is equal to dππν and when ν = a(T,F) is even, hence of
the form 2ν′ for some integer ν′ ≥ 1. Let us consider the projection morphism
σ : Pic0(T,D)s → Pic
0(T, ν′s)s,
which is a homomorphism of s-group schemes. Let V be the additive s-group scheme associated
to the finite dimensional s-vector space V = mν
′
/mν . Then the morphism
r : V → Pic0(T,D)s
x 7→ 1 + x,
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realizes an isomorphism of s-group schemes from V onto the kernel of σ. By Proposition 6.14,
the multiplicative Λ-local system r−1χj−1F is isomorphic to an Artin-Schreier sheaf Lψ{−v∗}, for
some linear form v∗ on V . The k(s)-linear map
OT /m
ν′ → Homk(s)(V, k(s))
y 7→ Resyω = (x 7→ Res(xyω)),
(7.16.1)
is an isomorphism onto the k(s)-linear dual of V = mν
′
/mν . Thus there exists a unique element y
of OT /mν
′
such that v∗ is equal to Resyω.
Since the ramification of χj−1F is not bounded by the divisor (ν − 1)s = sw(Fη)s, it follows
from Theorem 5.45 and from 5.10 that the restriction of r−1χj−1F to the sub-s-group scheme
corresponding to mν−1/mν is non trivial. Thus the restriction of v∗ = Resyω to mν−1/mν is non
trivial, and consequently y is a unit of OT /mν
′
. In particular, y defines an s-point of Pic0(T, ν′s)s.
Let t be the spectrum of an algebraically closed extension of k(s), and let u be a t-point of
Pic0(T,D)t. The morphism
ur : Vt → Pic
0(T,D)t
x 7→ u(1 + x),
realizes an isomorphism onto the fiber of σ above σ(u). Let G be the Λ-sheaf χj−1F ⊗ Lψ{Resω}
on the s-group scheme Pic0(T,D)s. The pullback of G by ur is isomorphic to Lψ{Res(u−y)ω}, with
notation as in (7.16.1), up to twist by the stalk Gu of G at the geometric point u of Pic
0(T,D)s.
Together with Proposition 6.15, this implies that the complex
RΓc(σ
−1(σ(u)),G),
vanishes unless σ(u) is equal to y, in which case it is concentrated in degree 2ν′ = ν, and the
cohomology group Hνc (σ
−1(σ(u)),G) is of rank 1. We obtain that Rσ!G is of the form y∗L[−ν],
where L is a Λ-sheaf of rank 1 on s, and thus that the complex
RΓc(Pic
0(T,D)s,G) ∼= RΓc(Pic
0(T, ν′s)s, Rσ!G),
is isomorphic to Ls[−ν], hence the conclusion of Proposition 7.6.
Porism 7.17. Let us assume that F =M⊗Lψ{−h} is as in Proposition 7.13, so that ν = n+ 1
and n = 2ν′ − 1. We keep the notation from 7.16. Since M has ramification bounded by ν′, the
restriction r−1χM is trivial. Moreover, by 4.5 and 5.25, we have χF = χM⊗Lψ{Res(hduu )}, where
u is the universal unit parametrized by Pic(T,D)s. For any section x of V , we have
Res
(
h
d(1 + x)
1 + x
)
= Res(hdx)− Res
(
xh
dx
1 + x
)
= −Res(xdh) − Res
(
xh
dx
1 + x
)
,
which is equal to −Res(xdh) since xhdx1+x has nonnegative valuation. Thus the element y of OT /m
ν′
which appears in the proof above is equal to dhω . Thus R
νσ!G is concentrated on the s-point
dh
ω of Pic
0(T, ν′s)s, and its restriction to the s-point dhω is χF| dhω (−ν
′), hence the conclusion of
Proposition 7.13 when n is odd.
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7.18. Let us prove Proposition 7.6 when ω is equal to dππν , when ν = a(T,F) is of the form 2ν
′+1
for some integer ν′ ≥ 1, and when the characteristic p of k is odd. As in 7.16, let us consider the
projection morphisms
Pic0(T,D)s Pic
0(T, (ν′ + 1)s)s Pic
0(T, ν′s)s,
σ1 σ2
σ
so that σ, σ1 and σ2 are all homomorphisms of s-group schemes. Let V be the additive s-group
scheme associated to the finite dimensional s-vector space V = mν
′
/mν. Then the morphism
r : V → Pic0(T,D)s
x 7→ 1 + x+
x2
2
,
realizes an isomorphism of s-group schemes from V to the kernel of σ. By Proposition 6.14, the
multiplicative Λ-local system r−1χj−1F is isomorphic to an Artin-Schreier sheaf Lψ{−v∗}, for some
linear form v∗ on V . Let y be the unique element of OT /mν
′+1 such that v∗ coincides with the
linear form
Resyω : m
ν′/mν → k(s)
x 7→ Res(xyω).
As in 7.16, the element y is a unit of OT /mν
′+1, whence y defines an s-point of Pic0(T, (ν′+1)s)s.
Let t be the spectrum of an algebraically closed extension of k(s), and let u be a t-point of
Pic0(T,D)t. The morphism
ur : Vt → Pic
0(T,D)t
x 7→ u(1 + x+
x2
2
),
realizes an isomorphism onto the fiber of σ above σ(u). Let G be the Λ-sheaf χj−1F ⊗Lψ{Resω} on
the s-group scheme Pic0(T,D)s. The pullback of G by ur is isomorphic to Lψ{Res(u−y)ω + αγ2},
up to twist by the stalk Gu of G at the geometric point u of Pic
0(T,D)s, where α is the image of
u
2 in k(t)
× and γ : V → k(s) is the linear form which sends an element x to the image of π−ν
′
x in
k(s). Together with Proposition 6.16, this implies that the complex
RΓc(σ
−1(σ(u)),G),
vanishes unless the linear form Res(u−y)ω on V is proportional to γ, namely unless σ(u) = σ2(y),
in which case this complex is concentrated in degree 2(ν′ + 1)− 1 = ν, and the cohomology group
Hνc (σ
−1(σ(u)),G) is of rank 1. We obtain that Rσ!G is of the form σ2(y)∗L[−ν], where L is a
Λ-sheaf of rank 1 on s, and thus that the complex
RΓc(Pic
0(T,D)s,G) ∼= RΓc(Pic
0(T, ν′s)s, Rσ!G),
is isomorphic to Ls[−ν], hence the conclusion of Proposition 7.6.
Porism 7.19. Let us assume that F =M⊗Lψ{−h} is as in Proposition 7.13, so that ν = n+ 1
and n = 2ν′. We keep the notation from 7.18. Since M has ramification bounded by ν′, the
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restriction r−1χM is trivial. Moreover, by 4.5 and 5.25, we have χF = χM⊗Lψ{Res(hduu )}, where
u is the universal unit parametrized by Pic(T,D)s (cf. 5.30). For any section x of V , we have
Res
(
h
d(1 + x+ x
2
2 )
1 + x+ x
2
2
)
= Res(hdx) − Res
(
x2h
dx
2(1 + x)
)
= −Res(xdh) − Res
(
x2h
dx
2(1 + x)
)
,
which is equal to −Res(xdh) since x2h dx2(1+x) has nonnegative valuation. Thus the element y of
OT /m
ν′+1 which appears in the proof above is equal to dhω . Thus R
νσ!G is concentrated on the s-
point dhω of Pic
0(T, ν′s)s. Moreover, choosing u = y = dhω in the computation above, the restriction
(ur)−1χF ⊗Lψ{Resω} is isomorphic to χF| dh
ω
⊗Lψ{αγ
2}, where α is the image of dh2ω in k(s)
×. If
h0 is the image in k(s)× of πnh, then we have α = −nh02 . We thus have
εs(T, j!F , ω)(g) = 〈χF 〉
( ω
dh
)
(g)χcyc(g)
ν′+1Tr
(
g | Hνc
(
Vs,Lψ{−
nh0γ
2
2
})
))
,
for any g in Gs, hence the conclusion of Proposition 7.13 when n is even.
7.20. Let us prove Proposition 7.6 when ω is equal to dππν , when ν = a(T,F) is of the form 2ν
′+1
for some integer ν′ ≥ 1, and when k is of characteristic p = 2. As in 7.18, let us consider the
projection morphisms
Pic0(T,D)s Pic
0(T, (ν′ + 1)s)s Pic
0(T, ν′s)s,
σ1 σ2
σ
so that σ, σ1 and σ2 are all homomorphisms of s-group schemes. Let V be the additive s-group
scheme associated to the finite dimensional k(s)-vector space V = mν
′
/mν . Let γ : V → k(s) be
the k(s)-linear form which sends an element v of V to the image in k(s) of the element π−ν
′
v of
OT /m
ν′+1, and let V˜ be the extension of V by Ga,s defined by the element c : (v1, v2) 7→ γ(v1)γ(v2)
of C(V ,Ga,S), cf. 6.5. For any sections (t1, v1) and (t2, v2) of the k(s)-scheme V˜ = Ga,s ×s V , we
have
(t1, v1) + (t2, v2) = (t1 + t2 + γ(v1)γ(v2), v1 + v2),
in V˜ , and we have
(1 + v1 + π
2ν′t1)(1 + v2 + π
2ν′t2) = 1 + v1 + v2 + π
2ν′
(
t1 + t2 + (π
−ν′v1)(π
−ν′v2)
)
,
in Pic0(T,D)s. Thus the morphism
r : V˜ → Pic0(T,D)s
(t, v) 7→ 1 + v + π2ν
′
t,
of s-schemes is a homomorphism of s-group schemes. It surjects onto the kernel of σ, and its kernel
is isomorphic to Ga,s (cf. 7.20.1 below).
Let G be the extension of Ga,S by itself defined by c(U1, U2) = U1U2 (cf. 6.7), and let ξ :
G(F2) → Λ
× be an injective character (cf. 6.24), whose restriction to the subgroup F2 of G(F2)
is ψ. By Proposition 6.26, the multiplicative Λ-local system r−1χj−1F is isomorphic to Lξ{α2t +
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v∗(v), αγ(v)} (cf. 6.24 for the notation), for some linear form v∗ on V and some element α of k.
Let y be the unique element of OT /mν
′+1 such that v∗ coincides with the linear form
Resyω : m
ν′/mν → k(s)
x 7→ Res(xyω).
Since the homomorphism of s-group schemes
τ : Ga,s → V˜
t 7→ (t, π2ν
′
t),
(7.20.1)
realizes an isomorphism onto the kernel of r, the pullback Lψ{(α2 + v∗(π2ν
′
))t} of r−1χj−1F by τ
is trivial, hence α2 = v∗(π2ν
′
) by Proposition 6.14.
Since the ramification of χj−1F is not bounded by the divisor (ν − 1)s = sw(Fη)s, it follows
from Theorem 5.45 and from 5.10 that the restriction of r−1χj−1F to the sub-s-group scheme Ga,s
of V˜ is non trivial, hence α is non zero. This implies that the scalar v∗(π2ν
′
) = α2 is non zero, and
consequently that y is a unit of OT /mν
′+1. In particular, y defines an s-point of Pic0(T, (ν′+1)s)s.
Let x be the spectrum of an algebraically closed extension of k(s), and let u be an x-point of
Pic0(T,D)x. The morphism
ur : V˜x → Pic
0(T,D)x
(t, v) 7→ u(1 + v + π2ν
′
t),
surjects onto the fiber of σ above σ(u). Let G be the Λ-sheaf χj−1F ⊗ Lψ{Resω} on the s-group
scheme Pic0(T,D)s. The pullback of G by ur is isomorphic to Lξ{(α2+β)t+Res(u−y)ω(v), αγ(v)},
up to twist by the stalk Gu of G at the geometric point u of Pic
0(T,D)s, where β is the image in
k(x) of u. The trace morphism
R(ur)!(ur)
−1G[2](1)→ G|σ−1(σ(u)),
is an isomorphism, since ur is a Ga-torsor over σ−1(σ(u)). Together with Proposition 6.27, this
implies that the complex
RΓc(σ
−1(σ(u)),G),
vanishes unless β = α2 and the linear form Res(u−y)ω on V is proportional to γ, namely unless
σ(u) = σ2(y), in which case it is concentrated in degree 2(ν′ + 1) − 1 = ν, and the cohomology
group Hνc (σ
−1(σ(u)),G) is of rank 1. We obtain that Rσ!G is of the form σ2(y)∗L[−ν], where L is
a Λ-sheaf of rank 1 on s, and thus that the complex
RΓc(Pic
0(T,D)s,G) ∼= RΓc(Pic
0(T, ν′s)s, Rσ!G),
is isomorphic to Ls[−ν], hence the conclusion of Proposition 7.6.
This, together with the paragraphs 7.14, 7.15, 7.16, and 7.18 concludes the proof of Proposition
7.6.
7.21. We now assume that k is a finite field of cardinality q, that Λ is C, and that µ = 1 is the
trivial C-admissible mutiplier on Gk. The k-automorphism x 7→ xq is a topological generator of
Gk, and we denote by Frobk its inverse. Similarly, Frobs = Frob
f
k is a topological generator of the
subgroup Gs of Gk, where f is the degree of the extension k(s)/k.
If F is C-local system of rank 1 on η, and let D be an effective Cartier divisor on T such that F
has ramification bounded by D (cf. 5.17), namely sw(Fη) is strictly less than the multiplicity ν of
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D at s. Then Theorem 5.26 produces a multiplicative C-local system χF on the s-group scheme
Pic(T,D)s. Moreover, the map
χF : k(η)
× → C×
z 7→ 〈χF 〉(z)(Frobs)
is a group homomorphism, cf. 7.11.
Proposition 7.22. Let F be a C-local system of rank 1 on η, and let c be an arbitrary element of
k(η) of valuation a(T, j∗F , ω). Then we have
(−1)a(T,j∗F)εs(T, j∗F , ω)(Frobs) =
∫
c−1O×
T
χ−1F (z)ψ(Trk/FpRes(zω))dz,
if F is ramified, where dz is the Haar measure on k(η) normalized so that
∫
OT
dz = 1. If F is
unramified, then we have a(T, j∗F) = 0 and
εs(T, j∗F , ω)(Frobs) = χF(c)q
fv(ω).
Let Ψω : k(η) → Λ× be the additive character given by z 7→ ψ(Trk/Fp(zω)). Proposition 7.22
can then be summarized as an equality
(−1)a(T,j∗F)εs(T, j∗F , ω)(Frobs) = ε(χF ,Ψω),
where ε(χF ,Ψω) is the automorphic ε-factor of the pair (χF ,Ψω), cf ([La87], 3.1.3.2).
7.23. We now prove Proposition 7.22. Let us first assume that F is unramified, so that F is the
pullback to η of a C-local system G of rank 1 on s. We can take D = s and ν = 1 above. For
each integer d, the multiplicative C-local system χF is given on the component Pic
d(T, s)s by the
pullback of G⊗d. The C-admissible representations of rank 1 corresponding to εk(T, i∗i−1j∗F , ω)
and εk(T, j!j−1j∗F , ω) are then respectively isomorphic to G
−1
s and to
H2ν−a(T,j!F)c
(
Pica(T,j!F ,ω)(T, s)s,Lψ{Resω}(ν − a(T,F , ω))
)
⊗ G
⊗a(T,j!F ,ω)
s
=H1c
(
Pic1+v(ω)(T, s)s,Lψ{Resω}(−v(ω))
)
⊗ G
⊗(1+v(ω))
s .
Let π be a uniformizer of k(η), and let us write ω as αdππ for some element α of k(η)
× of valuation
1 + v(ω). We have an isomorphism
θ : Gm,s → Pic
1+v(ω)(T, s)s
t 7→ tα−1,
so that θ−1Lψ{Resω} is isomorphic to Lψ{t}. By Proposition 7.6 and by the Grothendieck-
Lefschetz trace formula ([Gr66], éq. (25)), we have
Tr
(
Frobs | H
1
c
(
Pic1+v(ω)(T, s)s,Lψ{Resω}
))
= Tr
(
Frobs | H
1
c (Gm,s,Lψ{t})
)
= −
∑
t∈k(s)×
ψ(Trk/Fp(t))
= 1.
We thus obtain that the quantity εs(T, j!F , ω)(Frobs) is given by Tr (Frobs | Gs)
1+v(ω)
qfv(ω). This
implies that the value of εs(T, j∗F , ω) at Frobk is given by Tr (Frobs | Gs)
v(ω)
qfv(ω), hence the
result since we have
χF (c) = Tr (Frobs | Gs)
v(c)
= Tr (Frobs | Gs)
v(ω)
.
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7.24. We now prove Proposition 7.22 in the case where F is ramified. In this situation, the
C-sheaf j∗F is supported on η, and the quantity (−1)a(T,j∗F)εs(T, j∗F , ω)(Frobs) is thus equal to
(−1)a(T,j!F)qfa(T,j!F ,ω)−fνTr
(
Frobs | H
2ν−a(T,j!F)
c
(
Pica(T,j!F ,ω)(T,D)s, χF ⊗ Lψ{Resω}
))
.
By Proposition 7.6 and by the same Grothendieck-Lefschetz trace formula ([Gr66], éq. (25)), the
latter quantity coincides with
qfa(T,j!F ,ω)−fν
∑
u∈c−1(OT /mν)×
χ−1F (u)ψ(Trk/Fp(uω)).
The factor qfa(T,j!F ,ω)−fν is equal to
∫
c−1(u+mνOT )
dz for any element u of (OT /mν)×, so that we
obtain
(−1)a(T,j∗F)εs(T, j∗F , ω)(Frobs) =
∑
u∈(OT /mν)×
∫
c−1(u+mνOT )
χ−1F (z)ψ(Trk/Fp(zω))dz
=
∫
c−1O×T
χ−1F (z)ψ(Trk/Fp(zω))dz,
hence the result.
8. The product formula for sheaves of generic rank at most 1 (after Deligne)
We review in this section Deligne’s computation of the determinant of the cohomology of rank
1 local systems on curves, as exposed in his 1974 letter to Serre, which is published as an appendix
in [BE01]. The material of this section is thus entirely due to Deligne, besides the terminology
regarding twisted sheaves.
8.1. Let us recall that the base field k is assumed throughout to be a perfect field of characteristic
p. Let Λ be an ℓ-adic coefficient ring (cf. 1.13, 2.2) which is a field, and let ψ : Fp → Λ× be a non
trivial homomorphism. We fix a unitary Λ-admissible mutiplier µ on the topological group Gk (cf.
2.9, 2.10).
Definition 8.2. Let X be a connected smooth curve over k, and let F be a µ-twisted Λ-sheaf on
X . The global ε-factor of the pair (X,F) is the Λ-admissible map εk(X,F) : Gk → Λ
× defined by
εk(X,F)(g) = det(g,RΓc(Xk,F))
−1,
for any g in Gk, cf. 3.14.
For any smooth connected projective curve over k, we denote by |X | the set of closed points of
X and by X(x) the henselization of X at a closed point x.
Theorem 8.3. Let X be a smooth connected projective curve of genus g over k, let ω be a non
zero global meromorphic differential 1-form on X and let F be a µ-twisted Λ-sheaf on X of generic
rank rk(F) at most 1. Then, for all but finitely many closed points x of X the ε-factor of the triple
(X(x),F|X(x) , ω|X(x)) is identically equal to 1, and we have
εk(X,F) = χ
N(g−1)rk(F)
cyc
∏
x∈|X|
δ
a(X(x),F|X(x) )
x/k Verx/kεx(X(x),F|X(x) , ω|X(x)),
where N is the number of connected components of Xk, where x is a k-morphism from Spec(k) to
x, and where δx/k and Verx/k are defined in 3.26.
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In Theorem 8.3, the image by d1 of the left hand side (cf. 2.6) is
d1(εk(X,F)) = µ
−χ(Xk,F),
cf. 3.14, while the image by d1 of the right hand side is
∏
x∈|X| µ
deg(x)a(X(x),F|X(x) ,ω|X(x) ) (cf. 7.2,
7.9), where the conductor a(X(x),F|X(x) , ω|X(x)) vanishes for all but finitely many closed points x
of X . Thus the conclusion of Theorem 8.3 is consistent with the identity
−χ(Xk,F) =
∑
x∈|X|
deg(x)a(X(x),F|X(x) , ω|X(x)),
which results from the Grothendieck-Ogg-Shafarevich formula.
8.4. We now describe Deligne’s proof of Theorem 8.3. Let X, g,N, ω,F be as in 8.3. By replacing
k with a finite extension if necessary, we can assume (and we do) that X is geometrically connected
over k, so thatN = 1. Let j : U → X be a non empty open subscheme such that j−1F is a µ-twisted
Λ-local system on U . We have an exact sequence
0→ j!j
−1F → F →
⊕
x∈X\U
ix∗i
−1
x F → 0,
where ix : x → X is the inclusion of a closed point of X . The product formula 8.3 holds for
ix∗i
−1
x F for each x in |X |, hence we can assume (and we now do) that F vanishes outside U , i.e.
F = j!j
−1F . By replacing U with a smaller non empty open subscheme of X if necessary, we can
further assume (and we do as well) that the complement X \U contains at least two closed points
and that j−1F is of rank rk(F) = 1.
Let us consider the effective Cartier divisor
D =
∑
x∈X\U
(1 + swx(F))x,
where swx(F) is the Swan conductor of F at x. Equivalently, we have
D =
∑
x∈|X|
a(X(x),F|X(x))x,
cf. 7.2. The Grothendieck-Ogg-Shafarevich formula then implies that the Euler characteristic of
F , namely
χc(U, j
−1F) =
∑
i∈Z
(−1)i dimHic(U, j
−1F),
is equal to −d, where d = deg(D)−2+2g is a nonnegative integer. Since the canonical line bundle
ωX of X has degree 2g − 2, the integer d is also the degree of the line bundle ωX(D).
The µ-twisted Λ-local system j−1F of rank 1 on U has ramification bounded by D, cf. 5.47, and
consequently there exists a µ-twisted multiplicative Λ-local system χF (cf. 5.41) on Pick(X,D)
(cf. 5.13) whose pullback by the Abel-Jacobi morphism
Φ : U → Pick(X,D),
cf. 5.14.1, is isomorphic to j−1F .
Let Symdk(U) be the quotient of U
d by the group of bijection of {1, . . . , d} onto itself, acting
by permuting the d factors of Ud, cf. ([Gu18], Prop. 2.27). The Λ-local system p−11 j
−1F ⊗ · · · ⊗
p−1d j
−1F on Ud, where (pi)di=1 are the projections on each factor, descends to a Λ-local system
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F [d] of rank 1 on Symdk(U), cf. ([Gu18], Prop. 2.32). The symmetric Künneth formula ([SGA4],
XVII 5.5.21) implies that we have a natural isomorphism
RΓc(Sym
d
k(U)k,F
[d])[d] ∼= LΓd
(
RΓc(Uk, j
−1F)
)
[d],(8.4.1)
where the functor LΓd is defined in ([Ill72], I.4.2.2.6). By ([Ill72], I.4.3.2.1), we have Quillen’s shift
formula
LΓd
(
RΓc(Uk, j
−1F)
)
[d] ∼= LΛd
(
RΓc(Uk, j
−1F)[1]
)
,(8.4.2)
where the derived d-th exterior power LΛd is also defined in ([Ill72], I.4.2.2.6). The shifted complex
RΓc(Uk, j
−1F)[1] is of rank d, and the isomorphism
det(Λrk(V )V ) ∼= det(V ),
valid for any finite dimensional Λ-vector space V , extends to an isomorphism
det
(
LΛd
(
RΓc(Uk, j
−1F)[1]
))
∼= det(RΓc(Uk, j
−1F)[1]).(8.4.3)
By combining 8.4.1, 8.4.2 and 8.4.3, we obtain a natural isomorphism
detRΓc(Uk, j
−1F)−1 ∼= detRΓc(Sym
d
k(U)k,F
[d])(−1)
d
.(8.4.4)
Moreover, if we denote by
Φd : Sym
d
k(U)→ Pick(X,D),(8.4.5)
the d-th Abel-Jacobi map, whose composition with the canonical projection Ud → Symdk(U) sends
a section (xi)di=1 of U
d to
∏d
i=1Φ(xi), then the multiplicativity of χF implies that the pullback of
Φ−1d χF to U
d is isomorphic
((Φp1)(Φp2) . . . (Φpd))
−1
χF ∼= p
−1
1 Φ
−1χF ⊗ · · · ⊗ p
−1
d Φ
−1χF ∼= p
−1
1 j
−1F ⊗ · · · ⊗ p−1d j
−1F ,
and thus the pullback Φ−1d χF is isomorphic to F
[d].
The Leray spectral sequence for (Φd,F [d]) and the projection formula then yield
detRΓc(Sym
d
k(U)k,F
[d]) ∼= ⊗q∈Z detRΓc(Pick(X,D)k, R
qΦd!Φ
−1
d χF )
(−1)q
∼= ⊗q∈Z detRΓc(Pick(X,D)k, χF ⊗R
qΦd!Λ)
(−1)q .
(8.4.6)
8.5. Let i : D → X be the closed immersion of D into X , and let J (resp. J0) be the functor
which associates to a k-scheme S the set of isomorphisms α : ODS → i
∗
SωX(D) of ODS -modules
(resp. of automorphisms of ODS as a module over itself). Then J
0 is representable by a smooth
connected affine group scheme of dimension deg(D) over k, and J is a J0-torsor. In particular,
since the action of Gm,k by multiplication on OD turns Gm,k into a sub-k-group scheme of J0,
the J0-torsor J is naturally endowed with an action of Gm,k by left multiplication. Moreover, the
morphism
f : J ′ → Pick(X,D)
α→ (ωX(D), α),
where J ′ = J/Gm,k, is a closed immersion, its image being the fiber of the canonical projection
Pick(X,D)→ Pick(X) at ωX(D).
Let us denote by ResD : i∗ωX(D)→ k the residue homomorphism, given by
ResD(α) =
∑
x∈|D|
Trk(x)/kResx(α),
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where Resx denotes the residue homomorphism at a closed point x (cf. 4.6). We denote by
g : Σ → J the closed subscheme consisting of isomorphisms α such that ResD(α) = 0, and by
g′ : Σ′ → J ′ its quotient by Gm,k, which is a closed immersion as well.
Lemma 8.6 ([BE01], p.82). The Λ-sheaves RqΦd!Λ (cf. 8.4.5) on Pic
d
k(X,D) admit the following
description:
(1) for q = 2g − 2, there exists a short exact sequence
0→ R2g−2Φd!Λ→ Λ(1− g)→ f∗Λ(1− g)→ 0,
of Λ-sheaves on Picdk(X,D).
(2) for q = 2g, the Λ-sheaf R2gΦd!Λ is isomorphic to (fg′)∗Λ(−g),
(3) the Λ-sheaf RqΦd!Λ vanishes if q is not equal to 2g or 2g − 2.
Let t be the spectrum of an algebraically closed extension of k, and let (L, α) be a t-point of
Picdk(X,D) (cf. 5.13). The fiber of Φd above (L, α) parametrizes sections σ in H
0(Xt,L) whose
image in H0(Dt,L) is α, cf. ([Gu18], Prop. 4.12). The degree of the line bundle L(−D) is 2g − 2,
and the Riemann-Roch theorem yields:
(1) if L is not isomorphic to ωX(D), then the fiber of Φd above (L, α) is a torsor under the addi-
tive t-group scheme associated to the (g−1)-dimensional k(t)-vector spaceH0(Xt,L(−D)).
(2) if L = ωX(D) and if ResD(α) = 0 then the fiber of Φd above (L, α) is a torsor under the
additive t-group scheme associated to the g-dimensional k(t)-vector space H0(Xt,L(−D)).
(3) if L = ωX(D) and if ResD(α) 6= 0 then the fiber of Φd above (L, α) is empty.
Let w :W → Picdk(X,D) be the open complement of the image of the closed immersion f . Then
we have a distinguished triangle
w!w
−1RΦd!Λ→ RΦd!Λ→ f∗f
−1RΦd!Λ
[1]
−→ .
Above W , the morphism Φd is a fibration in affine spaces, of relative dimension g − 1, hence
w−1RΦd!Λ is quasi-isomorphic to Λ(1 − g)[2 − 2g]. Moreover, the description above of the fibers
of Φd imply that f−1RΦd!Λ is supported on Σ′. Above Σ′, the morphism Φd is a fibration in
affine spaces, of relative dimension g, hence f−1RΦd!Λ is quasi-isomorphic to g′∗Λ(−g)[−2g]. Thus
RqΦd!Λ vanishes if q is not equal to 2g or 2g − 2, and we have isomorphisms
R2g−2Φd!Λ ∼= w!Λ(1− g),
R2gΦd!Λ ∼= (fg
′)∗Λ(−g),
hence the conclusion of Lemma 8.6.
8.7. By combining the formula 8.4.6 with Lemma 8.6, we obtain that the determinant of the
complex
RΓc(Sym
d
k(U)k,F
[d]),
is isomorphic to
detRΓc(Pic
d
k(X,D)k, χF (1− g)) detRΓc(Σ
′
k
, (fg′)−1χF(−g))
detRΓc(J ′k, f
−1χF (1− g))
.(8.7.1)
Lemma 8.8 ([BE01], p.82). The factor detRΓc(Pic
d
k(X,D)k, χF (1− g)) is isomorphic to Λ, as a
Λ-admissible representation of Gk of rank 1.
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When F is everywhere tamely ramified, then Picdk(X,D)k is a torsor under the k-group scheme
Pic0k(X,D)k, which is an extension of an abelian scheme of dimension g by a torus of dimension
deg(D). The result follows in this case from the fact that the determinant of the cohomology of a
tame Λ-local system on an extension of an abelian k-scheme by a torus of dimension at least 2 is
canonically trivial. We refer to ([BE01], Constr. 1 p.70) for a proof of the latter result.
When F is not everywhere tamely ramified, there exists a closed point x on D such that the
multiplicity ν of D at x is at least 2. Since Picdk(X,D) is a torsor over the k-group scheme
Pic0k(X,D) and since χF is multiplicative, it is sufficient to prove that the complex
RΓc(Pic
0
k(X,D)k, χF),
is quasi-isomorphic to 0. The projection
τ : Pic0k(X,D)→ Pic
0
k(X,D − x),
is a homomorphism of k-group schemes, whose kernel is the additive k-group scheme associated to
the k-vector space mν−1x /m
ν
x, where mx is the maximal ideal of OX,x. Since the ramification of F
is not bounded by the divisor D − x, Theorem 5.48 and 5.10 imply that the restriction of χF to
the kernel of τ is non trivial. Together with Proposition 6.15 and with the multiplicativity of F ,
this implies the vanishing of Rτ!χF , hence the result.
8.9. By combining the formula 8.7.1 with Lemma 8.8, we obtain an isomorphism
detRΓc(Sym
d
k(U)k,F
[d]) ∼= detRΓc(Σ
′
k
, (fg′)−1χF(−g)) detRΓc(J
′
k
, f−1χF(1− g))
−1.(8.9.1)
Let τ : J → J ′ be the natural projection (cf. 8.5).
Lemma 8.10 ([BE01], p.84). The Λ-sheaves Rqτ!Lψ{Res} admits the following description:
(1) the Λ-sheaf R1τ!Lψ{Res} is isomorphic to the constant sheaf Λ on J ′,
(2) the Λ-sheaf R2τ!Lψ{Res} is isomorphic to g′∗Λ(−1), with g
′ as in 8.5.
(3) the Λ-sheaf Rqτ!Lψ{Res} vanishes when q is not equal to 1 or 2.
Recall that τ is a Gm-torsor. Let J be the quotient of Ga,k ×k J by the action of Gm,k given
by t · (y, α) = (t−1y, tα), and let Res : J → Ga,k be the morphism which sends the class in J of a
section (y, α) of J to yRes(α). Let u : J → J be the open immersion which sends a section α to
the class of (1, α), and let τ : J → J ′ be the morphism which sends the class of a section (y, α) to
τ(α). Let i : J ′ → J be the section of τ which sends τ(α) to the class of (0, α) in J , for any section
α of J . We then have an exact sequence
0→ u!Lψ{Res} → Lψ{Res} → i∗Λ→ 0.
By applying the funtor Rτ !, we obtain a distinguished triangle
Rτ!Lψ{Res} → Rτ !Lψ{Res} → Λ[0]
[1]
−→ .(8.10.1)
Moreover, the fiber of τ over a geometric point α of J ′ is isomorphic to Ga and the restriction of
Lψ{Res} to this fiber is a multiplicative Λ-local system, which is trivial if and only if α factors
through g′ (cf. 8.5). Thus Proposition 6.15 implies that Rτ !Lψ{Res} is supported on the image
Σ′ of g′, and consequently
Rτ !Lψ{Res} ∼= g
′
∗g
′−1Rτ !Lψ{Res} ∼= g
′
∗R(τ |τ−1(Σ′))!Λ.
Above Σ′, the morphism τ is a fibration in affine spaces, of relative dimension 1, hence Rτ !Lψ{Res}
is quasi-isomorphic to g′∗Λ(−1)[−2]. The conclusion of Lemma 8.10 then follows from 8.10.1.
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8.11. By combining the formula 8.9.1 with Lemma 8.10, we obtain an isomorphism
detRΓc(Sym
d
k(U)k,F
[d]) ∼= detRΓc(J
′
k
, f−1χF (1− g)⊗Rτ!Lψ{Res})
∼= detRΓc(Jk, (fτ)
−1χF (1− g)⊗ Lψ{Res})
(8.11.1)
By Proposition 7.12 and Proposition 3.28, the product formula 8.3 for some non zero meromor-
phic 1-form ω on X implies the product formula for all such 1-forms. In particular, we can assume
(and we do) that ω is a global section of ωX(D) such that i∗ω : OD → i∗ωX(D) is an isomorphism.
For any closed point x of X , we denote by ix : Dx → X(x) the restriction of D to the henselization
X(x) of X at x, by Fx and ωx the restrictions of F and ω to X(x), and by Σx the set of k-linear
embeddings of k(x) into k.
The sections of J over a k-scheme S consist of all isomorphisms α : ODS → i
∗
SωX(D) of ODS -
modules. We have a decomposition
ODS
∼= (OD ⊗k k)⊗k OS
∼=
∏
x∈D
∏
ι∈Σx
(ODx ⊗k(x),ι OS),
hence α can be identified with a tuple (αx,ι)x∈D,ι∈Σx , where each αx,ι is a trivialization of the
(ODx ⊗k(x),ι OS)-module i
∗
xωX(Dx)⊗k(x),ι OS . In particular, the morphism
δ :
∏
x∈D
∏
ι∈Σx
Pic0(X(x), Dx)ι,k → Jk
(ux)x∈D,ι∈Σx → (uxωx)x∈D,ι∈Σx ,
is an isomorphism of k-schemes, which fits into a commutative diagram∏
x∈D
∏
ι∈Σx
Pic0(X(x), Dx)ι,k Jk
J ′
k
Picdk(X,D)k,Pic
0
k(X,D)k
δ
τ
f
where the bottom horizontal arrow is the translation by the k-point of Picdk(X,D) which is the
image by Φd of the k-point of Sym
d(U) corresponding to
∑
x/∈D
∑
ι∈Σx
vx(ω)ι(x). If (px,ι)x∈D,ι∈Σx
are the natural projections from the source of δ onto each factor, then we have decompositions
δ−1Lψ{Res} ∼=
⊗
x∈D
⊗
ι∈Σx
p−1x,ιLψ{Resωx},
(fτδ)−1χF ∼=
⊗
x∈D
⊗
ι∈Σx
p−1x,ιχFx ⊗
⊗
x/∈D
⊗
ι∈Σx
F⊗v(ωx)x,ι ,
by the compatibility of local and global geometric class field theory, cf. 5.36. By Proposition 7.6,
each complex
RΓc(Pic
0(X(x), Dx)ι,k, χFx ⊗ Lψ{Resωx})
is a one-dimensional Λ-vector space concentrated in degree ax = a(X(x),F|X(x)). By Künneth’s
formula ([SGA4], Thm. 5.4.3), and by Proposition 3.32, we obtain that the complex
RΓc(Jk, (fτ)
−1χF ⊗ Lψ{Res})
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is concentrated in degree
∑
x∈D ax = deg(D), and that Gk acts on its cohomology group of degree
deg(D) through the Λ-admissible map given by∏
x∈D
δaxx/kVerx/kH
ax
c (Pic
0(X(x), Dx)x, χFx ⊗ Lψ{Resωx})
∏
x/∈D
Verx/kF
⊗v(ωx)
x ,
with notation as in 3.26, and the latter is equal to∏
x∈|X|
δaxx/kVerx/k
(
χv(ωx)cyc εx(X(x),F|X(x) , ω|X(x))
)
.
Since d has the same parity as deg(D), the latter map is equal by (8.11.1) to the trace function on
Gk of the Λ-admissible representation detRΓc(Sym
d
k(U)k,F
[d])(−1)
d
(g − 1) of (Gk, µd), and thus
to the trace function of detRΓc(Uk, j
−1F)−1(g − 1) as well by (8.4.4), hence the conclusion of
Theorem 8.3, since we have∏
x∈|X|
Verx/k
(
χv(ωx)cyc
)
=
∏
x∈|X|
χ[k(x):k]v(ωx)cyc = χ
2g−2
cyc .
9. Geometric local ε-factors in arbitrary rank
Let Λ be an ℓ-adic coefficient ring (cf. 1.13, 2.2) which is a field. Let ψ : Fp → Λ× be a non
trivial homomorphism, hence producing a multiplicative Λ-local system Lψ on Ga,k, cf. 6.13.
As in 7, let T be the spectrum of a k-algebra, which is a henselian discrete valuation ring OT ,
with maximal ideal m, and whose residue field OT /m is a finite extension of k of degree deg(s). Let
j : η → T be the generic point of T , and let i : s→ T be its closed point, so that T is canonically
an s-scheme, as in 5.16. We fix a k-point s : Spec(k)→ T of T above s, so that the Galois group
Gs = Gal(k/k(s)) can be considered as a subgroup of Gk. We fix a unitary Λ-admissible mutiplier
µ on the topological group Gs (cf. 2.9, 2.10).
9.1. Let π be a uniformizer of OT . We abusively denote by π as well the morphism
π : T → A1s,
corresponding to the unique morphism k(s)[t] → OT of k(s)-algebras which sends t to π. By
Theorem 4.18, the pullback functor π−1 realizes an equivalence from the category of special µ-
twisted Λ-sheaves on A1s to the category of Λ-sheaves on T . We denote by π♦ a quasi-inverse to
this equivalence.
Definition 9.2. Let F be a µ-twisted Λ-sheaf on T , and let ω be an element of Ω1,×η (cf. 7.1).
Then the ε-factor of the triple (T,F , ω) is the Λ-admissible map επ,s(T,F , ω) from Gs to Λ×
defined by
Gs → Λ
×
g 7→ 〈χdet(j−1F)〉(
ω
dπ
)(g)χcyc(g)
−v(ω)rk(j−1F) det
(
g | RΓc
(
A1s, π♦F ⊗ L
−1
ψ
))−1
,
cf. 7.11 and 7.12, or equivalently by
επ,s(T,F , ω) = 〈χdet(j−1F)〉(
ω
dπ
)χ−v(ω)rk(j
−1F)
cyc εs(A
1
s, π♦F ⊗ L
−1
ψ ),
cf. 8.2.
It is clear from Definition 9.2 that ε-factors are multiplicative in short exact sequences:
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Proposition 9.3. For any exact sequence
0→ F ′ → F → F ′′ → 0,
of Λ-sheaves on T , and for any element ω of Ω1,×η , we have
επ,s(T,F , ω) = επ,s(T,F
′, ω)επ,s(T,F
′′, ω).
Proposition 9.4. Let F be a µ-twisted Λ-sheaf on T , and let ω be an element of Ω1,×η . The
coboundary of επ,s(T,F , ω) (cf. 2.6) is then given by
d1 (επ,s(T,F , ω)) = µ
a(T,F ,ω),
cf. 7.2 for the notation.
Indeed, det(j−1F) is a µrk(j
−1F)-twisted Λ-sheaf of rank 1 on η, hence
d1
(
〈χdet(j−1F)〉(
ω
dπ
)
)
= µv(ω)rk(j
−1F).
Moreover, π♦F ⊗ L
−1
ψ is a µ-twisted Λ-sheaf on A
1
s, and consequently we have
d1
(
εs(A
1
s, π♦F ⊗ L
−1
ψ )
)
= µ−χc(A
1
s,π♦F⊗L
−1
ψ
).
The Swan conductor of π♦F ⊗ L
−1
ψ at infinity is equal to rk(j
−1F), hence the conductor of the
pair (π♦F ⊗ L
−1
ψ , dt) at infinity is equal to rk(j
−1F)(2 + v∞(dt)) = 0, so that the Grothendieck-
Ogg-Shafarevich formula yields
−χc(A
1
s, π♦F ⊗ L
−1
ψ ) = a(T,F , dπ),
hence the conclusion of Proposition 9.4.
Proposition 9.5. Let F be a µ-twisted Λ-sheaf on T , and let G be a ν-twisted Λ-local system on
T , for some Λ-admissible multiplier ν on Gs. We then have
επ,s(T,F ⊗ G, ω) = det(Gs)
a(T,F ,ω)επ,s(T,F , ω)
rk(G),
where det (Gs) is the Λ-admissible map on Gs which sends an element g of Gs to the determinant
of its action on the stalk Gs of G at s.
We can assume (and we do) that ω is dπ, in which case the conclusion of Proposition 9.5 follows
from the definition 9.2 and from the fact that π♦(F ⊗ G) = π♦F ⊗ π♦G is the twist of π♦F by
π♦G, the geometrically constant ν-twisted Λ-sheaf on A1s associated to the fiber i
−1G.
Proposition 9.6. Let F be a µ-twisted Λ-sheaf on s. Then we have
επ,s(T, i∗F , ω) = det (Fs)
−1
,
where det (Fs) is the Λ-admissible map on Gs which sends an element g to the determinant of
its action on the stalk Fs of F at s. In particular, επ,s(T, i∗F , ω) agrees with the local ε-factor
εs(T, i∗F , ω) defined in 7.4.
Indeed, the µ-twisted Λ-sheaf π♦i∗F is supported on the s-point 0 of A1s, with restriction F to
0, and consequently we have
RΓc
(
A1s, π♦F ⊗ L
−1
ψ
)
∼= Fs[0],
hence the conclusion of Proposition 9.6.
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9.7. Let k(η) be a separable closure of k(ηs) and let η → ηs be the corresponding morphism of
k-schemes. We then have an exact sequence
1→ Iη → Gη → Gs → 1,
where Gs is the Galois group of the extension k/k(s) and Gη = π1(η, η) is the Galois group of
the extension k(η)/k(η), while Iη = π1(ηs, η) is the inertia group of this extension. The functor
F 7→ Fη is then an equivalence from the category of µ-twisted Λ-sheaves on η to the category of
Λ-admissible representations of (Gη, µ), cf. 3.19.
Proposition 9.8. There exists a (unique) closed normal subgroup Iη,ℓ of Iη, of profinite order
coprime to ℓ, such that Iη/Iη,ℓ is a free pro-ℓ-group on one generator.
It follows from standard results in the ramification theory of henselian discretely valued fields,
see for example ([Se68], IV), that Iη admits a unique pro-p-Sylow subgroup P , the wild inertia
group of η, and that there exists an isomorphism
Iη/P →
∏
ℓ′ 6=p
Zℓ′(1).
The conclusion then follows by taking Iη,ℓ to be the kernel of the projection Iη/P → Zℓ(1).
9.9. We henceforth assume that Λ is an algebraically closed field.
Proposition 9.10. Let K0(T, µ,Λ) be as in 2.46. The abelian group⊕
ν
K0(T, ν,Λ),
where the sum runs over all unitary Λ-admissible multipliers on Gs, is generated by its subset of
elements of the following three types:
(1) the class [j!Λ] in K0(T, 1,Λ),
(2) for any unitary Λ-admissible multiplier ν on Gs and any ν-twisted Λ-sheaf G on s, the
class [i∗G] in K0(T, ν,Λ),
(3) for any unitary Λ-admissible multiplier ν on Gs, any connected finite étale cover η′ → η
with normalization f : T ′ → T , for any s-morphism s′ : Spec(k) → T ′ over the closed
point s′ of T ′ such that f(s′) = s, any unitary Λ-admissible multipliers ν1 and ν2 on Gs′
such that ν1ν2 = ν|Gs′ , any ν1-twisted Λ-sheaf F1 of rank 1 over η
′, and any unramified
ν2-twisted Λ-sheaf F2 over η
′, the class
[f∗j
′
!(F1 ⊗F2)]− rk(F2)[f∗j
′
!Λ],
in the sum of K0(T, ν,Λ) and K0(T, 1,Λ), where j
′ : η′ → T ′ is the canonical open immer-
sion.
We have an isomorphism
K0(T, ν,Λ)
(i−1,j−1)
−−−−−−→ K0(s, ν,Λ)⊕K0(η, ν,Λ).
For Λ = C, the conclusion follows from 3.19, 3.21, and from Proposition 2.47, whose assumptions
are satisfied by Proposition 9.8. The case Λ is an algebraic closure of Fℓ follows from the previous
case by Proposition 2.49 and by 3.19 (or by 3.25).
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Proposition 9.11. Let η′ → η be a connected finite étale cover of η, with normalization f : T ′ →
T . Let s′ : Spec(k) → T ′ be an s-morphism over the closed point s′ of T ′ such that f(s′) = s,
and let j′ : η′ → T ′ be the natural inclusion. Let µ1 and µ2 be unitary Λ-admissible multipliers
on Gs′ such that µ1µ2 = µ|Gs′ , let F1 be a µ1-twisted Λ-sheaf of rank 1 over η
′ and let F2 be a
geometrically constant µ2-twisted Λ-sheaf over T
′. Then for any element ω of Ω1,×η , there exists a
Λ-admissible homomorphism λf,π(ω) from Gs to Λ
×, depending only on f, π and ω, such that the
map επ,s(T, f∗(j
′
!F1 ⊗F2), ω) is equal to
λf,π(ω)
rk(F2)δ
a(T ′,j′!F1,f
∗ω)rk(F2)
s′/s Vers′/s
(
det
(
F2,s′
)a(T ′,j′!F1,f∗ω)
εs′(T
′, j′!F1, f
∗ω)rk(F2)
)
,
where εs′(T
′, j′!F1, f
∗ω) is the ε-factor defined in 7.7 and where δs′/s,Vers′/s are defined in 3.26
and 3.27 respectively. When η′ = η, the factor λf,π(ω) is identically equal to 1.
By Proposition 7.12 and Proposition 3.28, we can further assume (and we do) that ω = dπ. Let
us now consider the special cover f ′ : U → Gm,s (cf. 4.3) associated to π and to the extension
η′ of η, cf. Theorem 4.4. Let G2 be a ν2-twisted Λ-sheaf on s′ whose pullback to η′ is isomorphic
to F2. Let G1 be the f ′-special ν1-twisted Λ-local system of rank 1 on U associated to F1 by
Theorem 4.16, so that the pullback of G1 to η′ is isomorphic to F1. The ν1-twisted Λ-local system
π♦j!f∗(F1) vanishes at 0, and its restriction to Gm,s is isomorphic to f ′∗G, cf. 4.20. We thus have
επ,s(T, f∗j
′
!(F1 ⊗F2), dπ) = εs(Gm,s, f
′
∗(G1 ⊗ G2)⊗ Lψ{−t})
= εs(U,G1 ⊗ G2 ⊗ Lψ{−f
′})
= δ
−χc(Us′ ,G1⊗G2⊗Lψ{−f
′})
s′/s Vers′/s (εs′(U,G1 ⊗ G2 ⊗ Lψ{−f
′})) .
Let u : U → X be a smooth compactification of U , so that X is a geometrically connected
smooth projective curve over s. Let D be the closed complement in X of the union of U and the
closed point of T ′. For any point x of D, we have
a(X(x), u!G1 ⊗ G2 ⊗ Lψ{−f
′}, df ′) = (1 + swx(Lψ{−f
′}) + vx(df
′))rk(F2)
= 0,
since G1 ⊗ G2 is tamely ramified at x (cf. 4.3) and since swx(Lψ{−f ′}) is equal to the valuation
vx(f
′) of f ′ at x, the latter being an integer prime to p. Consequently, the Grothendieck-Ogg-
Shafarevich formula ([La87], 3.1.5.3) yields
−χc(Us′ ,G1 ⊗ G2 ⊗ Lψ{−f
′}) = αrk(F2),
where α = a(T ′, j′!F1, f
−1dπ). We also have
εs′(U,G1 ⊗ G2 ⊗ Lψ{−f
′}) = det(G2,s′)
−χc(Us′ ,G1⊗Lψ{−f
′})εs′(U,G1 ⊗ Lψ{−f
′})rk(F2),
with −χc(Us′ ,G1 ⊗ Lψ{−f ′}) = α, hence
επ,s(T, f∗j
′
!(F1 ⊗F2), dπ) = δ
αrk(F2)
s′/s Vers′/s
(
det
(
F2,s′
)α
εs′(U,G1 ⊗ Lψ{−f
′})rk(F2)
)
.(9.11.1)
If we have a formula of the form
επ,s′(Ts′ , f∗j
′
!F1, dπ) = λεs′(T
′, j′!F1, f
∗ω),(9.11.2)
for some Λ-admissible homomorphism Λ from Gs′ to Λ×, then (9.11.1) applied to s = s′ and
F2 = Λ yields
λεs′(T
′, j′!F1, f
∗ω) = εs′(U,G1 ⊗ Lψ{−f
′}),
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and inserting the latter formula in (9.11.1) yields the required result with λf,π(dπ) = Vers′/s(λ).
It is therefore sufficient to prove (9.11.2), so that we can assume that s = s′ and F2 = Λ (and we
henceforth do), in which case the formula to be proved is
επ,s(T, f∗j
′
!F1, dπ) = λf,π(dπ)εs(T
′, j′!F1, f
∗dπ),
for some Λ-admissible map λf,π(dπ) from Gs to Λ×. We now apply the product formula 8.3 with
ω = f ′∗dt = df ′, according to which the map εs(U,G1 ⊗ Lψ{−f ′}) is equal to
λf,π(dπ)εs(T
′, j′!F1, f
∗dπ),
where we have set
λf,π(dπ) = χ
g−1
cyc
∏
x∈D
δ
1−vx(f
′)
x/s Verx/s
(
εx(X(x), u!G1 ⊗ Lψ{−f
′}|X(x) , df
′)
)
,
and g is the genus of X . Moreover, for each point x of D, the valuation vx(f ′) of f ′ at x is prime to
p since f ′ is tamely ramified at this point (cf. 4.3), and the restriction u!F|X(x) is tamely ramified
as well, since F is f ′-special. Hence we can apply Proposition 7.13, which implies
εx(X(x), u!G1 ⊗ Lψ{−f
′}|X(x) , df
′) = εx(X(x),Lψ{−f
′}|X(x) , df
′).
Thus we obtain the required formula with
λf,π(dπ) = χ
g−1
cyc
∏
x∈D
δ
1−vx(f
′)
x/s Verx/s
(
εx(X(x),Lψ{−f
′}|X(x) , df
′)
)
,(9.11.3)
which depends indeed only on f and π. When f = id, we have X = P1s and D is the closed point
∞, so that Proposition 7.13 applies with n = 1 and yields
εs(P
1
s,(∞),Lψ{−t}|P1s,(∞), dt) = χcyc.
By inserting this identity in (9.11.3), in which g = 0, we obtain λid,π(dπ) = 1, which in turn implies
λid,π(ω) = 1 for any ω; this concludes the proof of Proposition 9.11.
Remark 9.12. The formula (9.11.3), combined with Proposition 7.13, yields an expression of
λf,π(dπ) as a product of certain quadratic Gauss sums and of a power of the cyclotomic character.
More precisely, with notation as in (9.11.3), let D+ (resp. D−) be the closed subset of X consisting
of the points of D such that vx(f ′) is odd (resp. even), endowed with its reduced scheme structure.
Then we have, for any totally ramified extension f ,
λf,π(dπ) = χ
g−1+deg(D−)+ 12 (deg(f)+deg(D
+))
cyc
∏
x∈D−
δx/sVerx/s (γψ(vx(f
′)hx)) ,
with notation as in 7.13, where hx is an element of k(x)× such that hxf ′ is a square in the field of
fractions of OX(x) . This formula simplifies greatly when p = 2, since D
− is then empty.
Corollary 9.13. Let F be a µ-twisted Λ-sheaf on T such that j−1F is of rank at most 1. Then
for any element ω of Ω1,×η , we have
επ,s(T,F , ω) = εs(T,F , ω),
where εs(T,F , ω) is the ε-factor defined in 7.7.
Indeed, this results from Proposition 9.6 if F is supported on s, or from Proposition 9.11 with
η′ = η and s′ = s if F is supported on η.
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Corollary 9.14. Let π′ be an other uniformizer of k(η). Then for any element ω of Ω1,×η and any
µ-twisted Λ-sheaf F on T , we have
επ,s(T,F , ω) = επ′,s(T,F , ω).
Indeed, by multiplicativity of επ and επ′ in short exact sequences (cf. 9.3), the maps F 7→
επ,s(T,F , ω) and F 7→ επ′,s(T,F , ω) extend to homomorphisms επ,s(T, ω) and επ′,s(T, ω) respec-
tively from the abelian group ⊕
ν
K0(T, ν,Λ),
where the sum runs over all unitary Λ-admissible multipliers on Gk (cf. 9.9), to Λ×. It is therefore
sufficient to prove that επ′,k(T, ω) and επ′,k(T, ω) agree on the three types of generators described
in Proposition 9.10. For generators of type (1) or (2) this follows from Corollary 9.13, while this
follows from Proposition 9.11 for generators of type (3).
Notation 9.15. Let F be a µ-twisted Λ-sheaf on T and let ω be an element of Ω1,×η . We denote by
εs(T,F , ω) the Λ-admissible map επ,s(T,F , ω) (cf. 9.2), which does not depend on the uniformizer
π by Corollary 9.14.
By Corollary 9.14, this definition does not depend on the choice of the uniformizer π, and by
Corollary 9.13 this does not conflict with the definition 7.10 when j−1F is of rank at most 1.
Proposition 9.16. Let η′ → η be a connected finite étale cover of η, with normalization f : T ′ →
T . Let s′ : Spec(k)→ T ′ be an s-morphism over the closed point s′ of T ′ such that f(s′) = s, and
let j′ : η′ → T ′ be the natural inclusion. Then for any element ω of Ω1,×η , there exists a (unique)
Λ-admissible homomorphism λf (ω) from Gs to Λ
×, depending only on f and ω with the following
property: for any µ-twisted Λ-sheaf F on T ′, we have
εs(T, f∗F , ω) = λf (ω)
rk(j′−1F)δ
a(T ′,F ,f∗ω)
s′/s Vers′/s (εs′(T
′,F , f∗ω)) ,
where δs′/s and Vers′/s are defined in 3.26 and 3.27 respectively.
Indeed, Corollary 9.14 implies that the group homomorphism λf,π(ω) from Proposition 9.11
does not depend on π. Let us denote it by λf (ω). The maps
A : F 7→ εs(T, f∗F , ω)
B : F 7→ λf (ω)
rk(j′−1F)δ
a(T ′,F ,f∗ω)
s′/s Vers′/s (εs′(T
′,F , f∗ω)) ,
both extend by multiplicativity (cf. 9.3) to homomorphisms from the abelian group⊕
ν
K0(T
′, ν,Λ),
where the sum runs over all unitary Λ-admissible multipliers on Gs (cf. 9.9), to Λ×. Consequently,
it is sufficient to check that the homomorphisms A and B coincide on the three type of generators
described in Proposition 9.10. For the generator of type (1), this follows from Proposition 9.11
with ν1 = ν2 = 1 and G1 = G2 = Λ, while it holds as well for generators of type (2) by Proposition
9.6. It remains to handle generators of the third type described in Proposition 9.10.
Let η′′ → η′ be a connected finite étale cover of η′, with normalization f ′ : T ′′ →′ T . Let
s′′ : Spec(k) → T ′′ be an s′-morphism over the closed point s′′ of T ′′ such that f(s′′) = s′, and
let j′′ : η′ → T ′ be the natural inclusion. Let µ1 and µ2 be unitary Λ-admissible multipliers on
Gs′′ such that µ1µ2 = µ|Gs′′ , let F1 be a µ1-twisted Λ-sheaf of rank 1 on η
′′, with finite geometric
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monodromy, and let F2 be an unramified µ2-twisted Λ-sheaf on η′′. We must prove that the
homomorphisms A and B associate the same map to the class
[f ′∗j
′′
! (F1 ⊗F2)]− rk(F2)[f
′
∗j
′′
! Λ].
By applying Proposition 9.11 to the extension η′′ → η′, we obtain an equality
A(f ′∗j
′′
! (F1 ⊗F2)) = λff ′(ω)
rk(F2)δas′′/sVers′′/s (L) ,
with a = a(T ′′, j′′! F1, (ff
′)∗ω)rk(F2) and
L = det (F2,s′′)
a(T ′′,j′′! F1,(ff
′)∗ω)
εs′′(T
′′, j′′! F1, (ff
′)∗ω)rk(F2).
A second application of Proposition 9.11 yields, together with 7.3,
B(f ′∗j
′′
! (F1 ⊗F2)) = λf (ω)
rk(F2)deg(f
′)δ
[s′′:s′]a
s′/s Vers′/s
(
λf ′(f
∗ω)rk(F2)δas′′/s′Vers′′/s′ (L)
)
,
hence by Proposition 3.28 we have
B(f ′∗j
′′
! (F1 ⊗F2)) =
(
λf (ω)Vers′/s (λf ′(f
∗ω))
)rk(F2)
δ
[s′′:s′]a
s′/s Vers′/s
(
δs′′/s′
)a
Vers′/sVers′′/s′(L),
By Corollary 3.30, this yields
(A/B)(f ′∗j
′′
! (F1 ⊗F2)) =
(
λff ′(ω)λf (ω)
−1Vers′/s (λf ′(f
∗ω))
−1
)rk(F2)
.
By applying this formula to F1 = F2 = Λ, we obtain
(A/B)(f ′∗j
′′
! (F1 ⊗F2)) = (A/B)(f
′
∗j
′′
! Λ)
rk(F2),
hence the equality
A([f ′∗j
′′
! (F1 ⊗F2)]− rk(F2)[f
′
∗j
′′
! Λ]) = B([f
′
∗j
′′
! (F1 ⊗F2)]− rk(F2)[f
′
∗j
′′
! Λ]),
which concludes our proof of Corollary 9.16.
Corollary 9.17. Let us consider a tower η′′ → η′ → η of connected finite separable extensions,
and let
T ′′
f ′
−→ T ′
f
−→ T,
be the normalizations of T in η′ and η′′, with closed points s′′ and s′. Then for any element ω of
Ω1,×η , we have
λff ′(ω) = λf (ω)Vers′/s (λf ′(f
∗ω)) ,
with notation as in Proposition 9.16.
This is an immediate consequence of Propositions 9.16 and 3.30.
9.18. We can now prove Theorem 1.7. The rule ε defined in 9.15 and 9.2 clearly satisfies the
properties (i) and (ii) from 1.6. It also satisfies the properties (iii), (iv), (v), (vi), (vii) from 1.6 by
9.3, 9.6, 9.16, 9.13 and 9.5 respectively. This proves the existence statement in Theorem 1.7, while
the uniqueness is an immediate consequence of Proposition 9.10. The property (viii) in Theorem
1.7 follows from the uniqueness, while the property (ix) follows from Proposition 9.4.
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9.19. Let us now prove Theorem 1.8. We assume that k is a finite field. By Theorem 1.7 and by
Proposition 7.22, the rule which associates the quantity
(−1)a(T,F)εs(T,F , ω)(Frobs),
to any quadruple (T,F , ω, s), where T is a henselian trait over k, with closed point s finite over
k, where s : Spec(k)→ T is a k-morphism, where F is a Λ-sheaf on T and where ω is a non zero
meromorphic 1-form on T , satisfies all the properties listed in ([La87], Th. 3.1.5.4), hence must
coincide with the local ε-factor considered there.
10. The product formula: preliminaries
Let Λ be an ℓ-adic coefficient ring (cf. 1.13, 2.2) which is an algebraically closed field, and let
ψ : Fp → Λ
× be a non trivial homomorphism. We fix a unitary Λ-admissible mutiplier µ on the
topological group Gk (cf. 2.9, 2.10). Let X be a connected smooth projective curve of genus g over
k and let ω be a non zero global meromorphic differential 1-form on X . We denote by |X | the set
of closed points of X . For any closed point x of X , we denote by X(x) the henselization of X at x.
Definition 10.1. Let F be a µ-twisted Λ-sheaf on X , or a class in
⊕
ν K0(X, ν,Λ), where the
sum runs over all unitary Λ-admissible mutipliers on Gk. We denote by ε˜k(X,F , ω) the quantity
ε˜k(X,F , ω) = χ
N(g−1)rk(F)
cyc
∏
x∈|X|
δ
a(X(x),F|X(x))
x/k Verx/k
(
εx(X(x),F|X(x) , ω|X(x))
)
,
where N is the number of connected components of Xk, and where δx/k and Verx/k are defined
in 3.26. We say that (X,F , ω) satisfies the product formula over k if the Λ-admissible maps
εk(X,F , ω) and ε˜k(X,F) coincide.
In particular, Theorem 8.3 can be stated as establishing that for any µ-twisted Λ-sheaf of generic
rank at most 1, the triple (X,F , ω) satisfies the product formula over k. It is usually convenient
to introduce the character
δX/k(ω) = χ
N(g−1)
cyc
∏
x∈|X|
δ
vx(ω)
x/k ,(10.1.1)
so that we have, by noting that δvx(ω)x/k = δ
−vx(ω)
x/k , the following formula for ε˜k(X,F , ω):
ε˜k(X,F , ω) = δX/k(ω)
rk(F)
∏
x∈|X|
δ
a(X(x),F|X(x) ,ω|X(x) )
x/k Verx/k
(
εx(X(x),F|X(x) , ω|X(x))
)
.(10.1.2)
10.2. Let s be the spectum of a finite extension of k, such that X is a geometrically connected
s-scheme, and let us fix a k-morphism s : Spec(k)→ s.
Proposition 10.3. If (X,F , ω) satisfies the product formula over s, then it satisfies the product
formula over k.
Indeed, we have
εk(X,F) = δ
−χ(Xs,F)
s/k Vers/k(εs(X,F)),
by 3.28, while Corollary 3.30 yields
ε˜k(X,F , ω) = δ
τ
s/kVers/k(ε˜s(X,F , ω)),
where τ =
∑
x∈|X|[k(x) : k(s)]a(X(x),F|X(x)). The Grothendieck-Ogg-Shafarevich formula implies
that τ has the same parity as −χ(Xs,F), hence the result.
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10.4. We henceforth assume that the smooth projective curve X is geometrically connected over
k.
Proposition 10.5. Let ν be a Λ-admissible mutiplier on Gk and let G be a geometrically constant
ν-twisted Λ-sheaf on X. If (X,F , ω) satisfies the product formula, then so does (X,F ⊗ G, ω).
Indeed, if we denote by V the Λ-admissible Gk-representation associated to G, then we have
εk(X,F ⊗ G) = εk(X,F)
rk(V ) det(V )−χ(Xk,F),
while Proposition 9.5 yields
ε˜k(X,F ⊗ G, ω) = ε˜k(X,F , ω)
rk(V ) det(V )τ ,
where τ =
∑
x∈|X|[k(x) : k]a(X(x),F|X(x) , ω|X(x)). The result then follows from the Grothendieck-
Ogg-Shafarevich formula, which states that τ coincides with −χ(Xk,F).
Proposition 10.6. Let f : X ′ → X be a finite generically étale morphism of smooth connected pro-
jective curves over k, and let F be a class in
⊕
ν K0(X, ν,Λ) of generic rank 0. Then (X
′,F , f∗ω)
satisfies the product formula over k, if and only if (X, f∗F , ω) satisfies the product formula over k.
Indeed, we have
εk(X, f∗F) = εk(X
′,F),
while Corollary 3.30 yields that ε˜k(X
′,F , f∗ω) can be written as∏
x′∈|X′|
δ
a(X′
(x′)
,F ,f∗ω)
x′/k Verx′/k
(
εx′(X
′
(x′),F|X′(x′)
, f∗ω|X′
(x′)
)
)
,
=
∏
x∈|X|
δ
a(X(x),f∗F ,ω)
x/k Verx/k
 ∏
x′∈|X′|
f(x′)=x
δ
a(X′
(x′)
,F ,f∗ω)
x′/x Verx′/x
(
εx′(X
′
(x′),F|X′(x′)
, f∗ω|X′
(x′)
)
)
The induction formula 9.16 then yields
ε˜k(X
′,F , f∗ω) =
∏
x∈|X|
δ
a(X(x),f∗F ,ω)
x/k Verx/k
(
εx(X(x), f∗F|X(x) , ω|X(x))
)
= ε˜k(X, f∗F , ω),
hence the conclusion of Proposition 10.6.
10.7. Let η be the generic point of X and let η be the spectrum of a separable closure of k(η).
For any non empty open subscheme U in X , we have an exact sequence
1→ π1(Uk, η)→ π1(U, η)→ Gk → 1,
of profinite groups.
Definition 10.8. A µ-twisted Λ-sheaf F on X has finite geometric monodromy if there exists a
non empty open subscheme U of X such that F|U is a µ-twisted Λ-local system such that π1(Uk, η)
acts through a finite quotient on the Λ-admissible representation Fη of (π1(U, η), µ).
Let Kfin0 (X,µ,Λ) be the Grothendieck group of the full subcategory of Sh(X,µ,Λ) consisting of
µ-twisted Λ-sheaves on X with finite geometric monodromy (cf. 10.8). Thus any µ-twisted Λ-sheaf
88 QUENTIN GUIGNARD
F on X with finite geometric monodromy has a well defined class [F ] in Kfin0 (X,µ,Λ), and the
latter is generated by such classes with relations [F ] = [F ′] + [F ′′] for each short exact sequence
0→ F ′ → F → F ′′ → 0,
of µ-twisted Λ-sheaves on X , with finite geometric monodromy.
Proposition 10.9. Let X be a connected smooth projective curve over k, let s and Kfin0 (X,µ,Λ)
be as in 10.7. The abelian group ⊕
ν
Kfin0 (X, ν,Λ),
where the sum runs over all unitary Λ-admissible multipliers on Gk, is generated by its subset of
elements of the following three types:
(1) the class [Λ] in Kfin0 (X, 1,Λ),
(2) for any unitary Λ-admissible multiplier µ on Gk, any closed point ix : x → X of X and
any µ-twisted Λ-sheaf G on x, the class [ix∗G] in K
fin
0 (X,µ,Λ),
(3) for any finite extension s′ → Spec(k), together with a k-morphism s′ : Spec(k) → s′,
for any unitary Λ-admissible multiplier µ on Gk, for any non empty open subscheme
j : U → X, any finite étale morphism f : U ′ → U such that U ′ is a geometrically connected
s′-scheme, any unitary Λ-admissible multipliers µ1 and µ2 on Gs′ such that µ1µ2 = µ|Gs′ ,
any µ1-twisted Λ-sheaf F1 of rank 1 over U
′ with finite geometric monodromy, and any geo-
metrically constant µ2-twisted Λ-sheaf F2 over U
′, the class [j!f∗(F1⊗F2)]− rk(F2)[j!f∗Λ]
in the sum of Kfin0 (X,µ,Λ) and K
fin
0 (X, 1,Λ).
Let F be a µ-twisted Λ-sheaf on X with finite geometric monodromy. Let j : U → X be a
non empty open subscheme of X such that j−1F is a µ-twisted Λ-local system. We have an exact
sequence
0→ j!j
−1F → F →
⊕
x∈|X\U|
ix∗i
−1
x F → 0,
hence we can assume (and we do) that F = j!j−1F . For Λ = C, the result then follows from
Proposition 2.47 by using the dictionary between µ-twisted C-local systems on U and C-admissible
representations of (π1(U, η), µ), for a fixed geometric point η over the generic point of X , cf. 3.19
and 3.21. The general case follows from the case Λ = C by 2.49.
Corollary 10.10. If F is a µ-twisted Λ-sheaf on X with finite geometric monodromy, cf. 10.8,
then (X,F , ω) satisfies the product formula over k.
This follows from Propositions 10.9, 10.6, 10.5 and from Theorem 8.3.
Corollary 10.11. Let f : X ′ → X be a finite generically étale morphism of connected smooth
projective curves over k, of respective genera g′ and g. Then for any non zero global meromorphic
differential 1-form ω on X, we have∏
x′∈|X′|
Verf(x′)/k
(
λfx′ (ω|X(f(x′)))
)
= δX′/k(f
∗ω)δX/k(ω)
−1,
where fx′ : X
′
(x) → X(f(x′)) is for each closed point x
′ of X ′ the morphism induced by f on the
henselizations of X ′ and X at x′ and f(x′) respectively, where λfx′ (ω|X(f(x′))) is the homomorphism
defined in 9.16, and where δX′/k(f∗ω), δX/k(ω) are as in 10.1.1.
Indeed, this follows from Proposition 9.16 and from Corollary 10.10 for the triples (X ′,Λ, f∗ω)
and (X, f∗Λ, ω), since ε(X, f∗Λ) is equal to ε(X ′,Λ).
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10.12. We conclude this section by giving a variant of Corollary 10.10.
Proposition 10.13. Let F is a µ-twisted Λ-sheaf on X. Let us assume that there exists a non
empty open subscheme U of X and a closed normal subgroup I of π1(Uk, η) with the following
properties: the restriction F|U is a µ-twisted Λ-local system, the group I acts through a finite
quotient on the Λ-admissible representation Fη of (π1(U, η), µ), and π1(Uk, η)/I is topologically of
finite type with open centralizer in π1(U, η)/I. Then (X,F , ω) satisfies the product formula over k.
We can assume (and we henceforth do) that Λ = C, since otherwise F would have finite
geometric monodromy and Corollary 10.10 would apply. By Proposition 2.40, we can assume (and
we henceforth do) that there exists a smooth geometricall connected curveX ′ over a finite extension
k′ of k contained in k, a finite generically étale k-morphism f : X ′ → X , some Λ-admissible unitary
2-cocycles µ1, µ2 on Gk′ such that µ1µ2 = µ|Gk′ , some geometrically constant µ2-twisted Λ-sheaf
F2 and some µ1-twisted Λ-sheaf F1, such that
F = f∗(F1 ⊗F2),
such that F1|f−1(U) is a Λ-local system, and such that the Λ-admissible representation F1,η of
(π1(U, η), µ) has finite projective image. By Theorem 2.36, we can further assume (and we do)
that F1 is generically of rank 1. The product formula for f∗(F1⊗F2) then follows from Propositions
10.6, 10.5 and from Theorem 8.3.
11. The product formula: proof
Let Λ be an ℓ-adic coefficient ring (cf. 1.13, 2.2) which is an algebraically closed field, and let
ψ : Fp → Λ
× be a non trivial homomorphism. We fix a unitary Λ-admissible mutiplier µ on the
topological group Gk (cf. 2.9, 2.10). We prove in this section the following product formula.
Theorem 11.1. Let X be a connected smooth projective curve over k, let ω be a non zero global
meromorphic differential 1-form on X and let F be a µ-twisted Λ-sheaf on X. Then (X,F , ω)
satisfies the product formula over k (cf. 10.1).
We postpone the proof of Theorem 11.1 to 11.11 below. When k is finite, this result is due
to Laumon ([La87], 3.2.1.1). For the general case, we follow closely Laumon’s proof, or rather its
exposition by Katz in [Ka88]. The main ingredient we use is the ℓ-adic stationary phase method, of
which we only use the special case stated in Theorem 11.5 below, and which was already established
by Laumon ([La87], 2.3.3.1) in the case of an arbitrary perfect base field of positive characteristic.
The only innovation in our proof lies in the treatment of Theorem 11.8 below. Laumon’s proof of
the latter result when k is finite ([La87], 3.5.1.1) starts with a reduction to the tamely ramified
case ([La87], 3.5.3.1), and then resorts to a computation in the latter case ([La87], 2.5.3.1). We
give instead a direct proof in the general case by using geometric local class field theory.
11.2. Throughout this section, we consider two copies A = Spec(k[t]) and A′ = Spec(k[t′]) of the
affine line over k, with natural compactifications P and P′ respectively, and we denote by pr and pr′
the projections of A×k A′ onto its first and second factors respectively. For any µ-twisted Λ-sheaf
F on A, we denote by Fψ(F) its Fourier transform defined as follows:
Fψ(F) = R
1pr′!
(
pr−1F ⊗ Lψ{tt
′}
)
,
which is a µ-twisted Λ-sheaf on A′. This functor Fψ would be denoted H0(Fψ) in Laumon’s
notation ([La87], 1.2.1.1), and is called the “naive Fourier transform” by Katz in ([Ka88], p.112).
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11.3. For any closed points s, s′ of P and P′ respectively, with respective separable closures s and
s′, we denote by ηs (resp. ηs′) the generic point of the henselisation P(s) (resp. P′(s′)) of P at s
(resp. of P′ at s′), and by ηs (resp. ηs′) a separable closure thereof. For any µ-twisted Λ-sheaf
F on A(s) with vanishing fiber at s, we denote by F
(s,s′)
ψ (F) its local Fourier transform defined as
follows:
F
(s,s′)
ψ (F) = H
1
((
(P×k P
′)(s,s′)
)
ηs′
, u!(pr
−1F ⊗ Lψ{tt
′})
)
,
where u is the natural open immersion of A×k A′ into P×k P′. Thus F
(s,s′)
ψ (F) is a Λ-admissible
representation of (Gηs′ , µ), where Gηs′ = Gal(ηs′/ηs′).
11.4. We now state a special case of Laumon’s ℓ-adic stationary phase method.
Theorem 11.5 (ℓ-adic stationary phase). Let F be a µ-twisted Λ-sheaf on P, whose fibers at 0 and
∞ vanish, whose restriction to A\{0} is a Λ-local system, and whose ramification at ∞ is bounded
by 1, i.e. the ramification slopes of F|η∞ are strictly less than 1. Then the Λ-sheaf Fψ(F|A) on A
′
(cf. 11.2) has the following properties:
(i) the restriction of Fψ(F|A) to A
′ \ {0} is a Λ-local system;
(ii) there is a functorial isomorphism
Fψ(F|A)|η∞′
∼= F
(0,∞′)
ψ (F|A(0)),
of Λ-admissible representations of (Gη∞′ , µ) (cf. 11.3);
(iii) the restriction of Fψ(F) to η0′ fits into a functorial exact sequence,
0→ H1(Pk,F)→ Fψ(F|A)|η0′ → F
(∞,0′)
ψ (F|P(∞))→ H
2(Pk,F)→ 0,
of Λ-admissible representations of (Gη0′ , µ) (cf. 11.3), where H
ν(Pk,F) is considered as
an unramified representation of (Gη0′ , µ) by the natural homomorphism Gη0′ → Gk.
By functoriality, Theorem 11.5 follows from its untwisted special case, i.e. when µ = 1, which
follows itself from ([Ka88], Th. 3 and 10) or from ([La87], 2.3.3.1, 2.3.2), the latter being applied
to the perverse sheaf F [1].
Corollary 11.6. Let F be a µ-twisted Λ-sheaf on P, whose fibers at 0 and ∞ vanish, whose
restriction to A \ {0} is a Λ-local system, and whose ramification at ∞ is bounded by 1. Then we
have an equality
εk(P,F)〈χdet(F(∞,0
′)
ψ
(F|P(∞) ))
〉(t′) = 〈χ
det(F
(0,∞′)
ψ
(F|A(0) ))
〉(t′−1),
of Λ-admissible maps on Gk, with notation as in 7.11.
Indeed, Theorem 11.5(iii) yields
εk(P,F)〈χdet(F(∞,0
′)
ψ
(F|P(∞) ))
〉(t′) = 〈χdet(Fψ(F|A)|η
0′
)〉(t
′).
Let D be an effective Cartier divisor on P′, supported on 0′ and ∞′, such that the µ-twisted Λ-
local system det(Fψ(F|A))|A′\{0′} of rank 1 (cf. 11.5(i)) has ramification bounded by D, and let
χdet(Fψ(F|A)) be the µ-twisted multiplicative Λ-local system on Pick(P
′, D)k associated to det(Fψ(F|A))
by geometric class field theory, cf. 5.48. If x0 is the k-point of Pick(P′, D)k corresponding to the
line bundle O([0′]) trivialized by t′−1 at 0′ and by 1 at ∞′, then 〈χdet(Fψ(F|A)|η
0′
)〉(t
′) is the trace
function of the stalk of χdet(Fψ(F|A)|η
0′
) at t′−1 (cf. 7.11), or alternatively of the stalk of χdet(Fψ(F|A))
at x0, by local-global compatibility (cf. 5.36).
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Likewise, Theorem 11.5(ii) yields
〈χ
det(F
(0,∞′)
ψ
(F|A(0) ))
〉(t′−1) = 〈χdet(Fψ(F|A)|η
∞′
)〉(t
′−1),
and the latter coincides, by local-global compatibility (cf. 5.36), with the trace function of the stalk
of χdet(Fψ(F|A)) at x∞, where x∞ is the k-point of Pick(P
′, D)k corresponding to the line bundle
O([∞′]) trivialized by 1 at 0′ and by t′ at ∞′. The conclusion of Proposition 11.6 then follows
from the fact that x0 = x∞ in Pick(P′, D)k.
11.7. Let T be the spectrum of a k-algebra, which is a henselian discrete valuation ring OT with
residue field k, and let i : s→ T be its closed point. Let π be a uniformizer of k(η), and let
π : T → A(0),
be the k-morphism sending π to the t. Laumon’s cohomological formula for local ε-factors ([La87],
3.5.1.1) admits the following extension to the case of an arbitrary perfect base field of positive
characteristic p.
Theorem 11.8. Let F be a µ-twisted Λ-sheaf on T , with vanishing fiber at s. Then we have
εk(T,F , dπ) = 〈χdet(F(0,∞′)(π∗F))〉(t
′−1),
with notation as in 7.11.
Let us prove Theorem 11.8. We can assume (and we do) that T is the henselization A(0) of A
at 0, and that π = t (cf. 4.1). Let F be a µ-twisted Λ-sheaf on A(0), with vanishing fiber at 0, and
let t♦F be its Gabber-Katz extension to A with respect to the uniformizer t (cf. 4.18). Thus t♦F
is tamely ramified at∞, and its fiber at 0 vanishes. By Theorem 11.5(ii), we have an isomorphism
F
(0,∞′)
ψ (F)
∼= Fψ(t♦F)|η∞′ ,
of Λ-admissible representations of (Gη∞′ , µ). Let η
perf
∞′ (resp. η
perf
∞′ ) be the perfection of η∞′ (resp.
η∞′), so that η
perf
∞′ is an algebraic closure of η
perf
∞′ . By the proper base change theorem, we have
Fψ(t♦F)|η∞′
∼= H1c (Aη∞′ , t♦F ⊗ Lψ{tt
′})
∼= H1c (Aηperf
∞′
, t♦F ⊗ Lψ{tt
′}).
Since the complex RΓc(Aηperf
∞′
, t♦F ⊗ Lψ{tt
′}) is concentrated in degree 1, we obtain
det
(
F
(0,∞′)
ψ (F)
)
∼= det
(
Fψ(t♦F)|η∞′
)
∼= det
(
RΓc(Aηperf
∞′
, t♦F ⊗ Lψ{tt
′})
)−1
.(11.8.1)
Let us consider the uniformizer t˜ = −t′t on (Aηperf
∞′
)(0), and the isomorphism θ from Aηperf
∞′
to itself
which sends t to −t′−1t. The natural morphism t : (Aηperf
∞′
)(0) → Aηperf
∞′
factors as a composition
(Aηperf
∞′
)(0)
t˜
−→ Aηperf
∞′
θ
−→ Aηperf
∞′
,
hence we have isomorphisms
θ−1t♦F ∼= t˜♦F
θ−1Lψ{tt
′} ∼= L−1ψ ,
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where t˜♦F is the Gabber-Katz extension of (the restriction to (Aηperf
∞′
)(0) of) F to A with respect
to the uniformizer t˜ (cf. 4.18). Hence (11.8.1) yields
det
(
F
(0,∞′)
ψ (F)
)
∼= det
(
RΓc(Aηperf
∞′
, t˜♦F ⊗ L
−1
ψ )
)−1
.
By Definition 9.2 with π = t˜, we obtain that the composition of εk(A(0),F , dt) with the canonical
surjective homomorphism r from Gηperf
∞′
= Gη∞′ to Gk is given by
εk(A(0),F , dt) ◦ r = εηperf
∞′
((Aηperf
∞′
)(0),F , dt)
= 〈χdet(j−1F)〉
(
dt
dt˜
)
det
(
F
(0,∞′)
ψ (F)
)
= 〈χdet(j−1F)〉
(
−t′−1
)
det
(
F
(0,∞′)
ψ (F)
)
,
(11.8.2)
where χdet(j−1F) is the multiplicative Λ-local system on Pic(A(0), ν[0])k, for some integer ν such
that det(j−1F) has ramification bounded by ν, associated to det(j−1F) by geometric local class
field theory, cf. 5.45, and 〈χdet(j−1F)〉
(
−t′−1
)
is the trace function of the stalk of χdet(j−1F) at the
η∞′ -point of Pic
0(A(0), ν[0])k corresponding to the unit −t′ (cf. 5.30). Let us rewrite (11.8.2) as
det
(
F
(0,∞′)
ψ (F)
)
= 〈χdet(j−1F)〉 (−t
′)
(
εk(A(0),F , dt) ◦ r
)
.(11.8.3)
We now use (11.8.3) in order to compute the multiplicative Λ-local system associated to the
determinant of F(0,∞
′)
ψ (F) by geometric local class field theory, cf. 5.45. Let us consider the
local Abel-Jacobi morphism Φη∞′ ,t′−1 corresponding to the divisor [∞
′] on P′(∞′) (cf. 5.45). The
morphism Φη∞′ ,t′−1 factors as the composition
η∞′
t′−1
−−→ Gm,k
t7→1−tt′
−−−−−→ Pic1(P′(∞′), [∞
′])k.
Let us consider the k-isomorphism τ from Pic1(P′(∞′), [∞
′])k to Gm,k which sends a section u (cf.
5.30) to the section t′−1u of Pic0(P′(∞′), [∞
′])k = Gm,k. For any section t of Gm,k, the sections
1− tt′ and −tt′ of Pic1(P′(∞′), [∞
′])k coincides, hence the following commutative diagram.
η∞′ Pic
1(P′(∞′), [∞
′])k Gm,k
Φη
∞′
,t′−1 τ
−t′−1
Let χ0 be the restriction of χdet(j−1F) to the subgroup Gm,k of Pic
0(A(0), ν[0])k, and let χ˜ be the
pullback of χ0 ⊗ εk(A(0),F , dt) by τ , where εk(A(0),F , dt) is considered as a Λ-local system on
Spec(k), pulled back to Gm,k. Then the commutative diagram above, together with (11.8.3), shows
that Φ−1η∞′ ,t′−1 χ˜ is isomorphic to det
(
F
(0,∞′)
ψ (F)
)
.
Moreover, χ˜ is the restriction to Pic1(P′(∞′), [∞
′])k of the unique (up to isomorphism) multiplica-
tive Λ-local system on Pic(P′(∞′), [∞
′])k, still denoted by χ˜, whose restriction to Pic
0(P′(∞′), [∞
′])k =
Gm,k is given by χ0, and whose stalk at the k-point t′ of Pic
1(P′(∞′), [∞
′])k is given by εk(A(0),F , dt).
Thus the multiplicative Λ-local system associated to det
(
F
(0,∞′)
ψ (F)
)
by geometric local class field
GEOMETRIC LOCAL ε-FACTORS 93
theory (cf. 5.45) is χ˜ (up to isomorphism). We therefore obtain the equality
〈χ
det
(
F
(0,∞′)
ψ
(F)
)〉(t′−1) = 〈χ˜〉(t′−1) = εk(A(0),F , dt),
which concludes the proof of Theorem 11.8.
Remark 11.9. This proof of Theorem 11.8 incidentally shows that det
(
F
(0,∞′)
ψ (F)
)
is tamely
ramified. The latter fact alternatively follows from the Hasse-Arf theorem and from ([La87],
2.4.3(i)(b)), which asserts that the ramification breaks of F(0,∞
′)
ψ (F) are strictly less than 1.
Corollary 11.10. Let F be a µ-twisted Λ-sheaf on P(∞), with vanishing fiber at ∞ and with
ramification bounded by 1. Then we have
εk(P(∞),F , dt)〈χdet(F(∞,0
′)
ψ
(F))
〉(t′) = χrk(F)cyc .
By Theorem 4.18 there exists a Λ-sheaf G on A, with vanishing fiber at 0, which is tamely
ramified at 0, and such that G|P(∞) is isomorphic to F . Then Corollary 11.6 and Theorem 11.8
yield
εk(A,G)〈χdet(F(∞,0
′)
ψ
(F))
〉(t′) = εk(A(0),G, dt),(11.10.1)
while Proposition 10.13, whose hypotheses are satisfied by 2.38 and 9.8, yields
εk(A,G) = χ
−rk(F)
cyc εk(A(0),G, dt)εk(P(∞),F , dt).(11.10.2)
The conclusion of Corollary 11.10 then follows by combining (11.10.1) with (11.10.2).
11.11. We now prove Theorem 11.1. Its conclusion holds when F is generically of rank at most 1
by 10.10. In particular, it holds for the constant sheaf Λ. Thus Theorem 11.1 is equivalent to the
formula
εk(X,F1)
εk(X,F2)
=
ε˜k(X,F1, ω)
ε˜k(X,F2, ω)
,
cf. 10.1, for any F1,F2 satisfying the assumptions of Theorem 11.1 (twisted by possibly different
cocycles), with the same generic rank. If f : X → P is a finite generically étale k-morphism, then
by Proposition 10.6 the latter formula holds for (X,F1,F2) if and only if it does for (P, f∗F1, f∗F2).
Thus the conclusion of Theorem 11.1 holds in general if and only if it holds for X = P. If X = P,
then there exists a non empty open subscheme U of A such that F1|U and F2|U are Λ-local systems,
and we can find a polynomial h in k[t] whose vanishing locus in A is the complement of U in A.
The k-morphism θ : P → P which sends t to (t − h(t)−p)−1 is finite, and induces a finite étale
morphism from U onto P \ {0}. By replacing (P,F1,F2) with (P, θ∗F1, θ∗F2), we can thus assume
that the restrictions of F1 and F2 to P \ {0} are Λ-local systems.
Remark 11.12. The last reduction to Λ-sheaves on P with ramification concentrated on a single
point is due to Katz, cf. ([Ka88], Lemma 16).
In order to prove Theorem 11.1, we can thus assume (and we do) that X = P and that F is a
Λ-sheaf on P, whose restriction to A \ {0} is a Λ-local system, which is unramified at ∞. We can
further assume (and we do) that the fibers of F at 0 and ∞ vanish. The formula to be proved is
then
εk(P,F) = χ
−rk(F)
cyc εk(A(0),F , dt)εk(P(∞),F , dt),
By Corollary 11.6, we have
εk(P,F) = 〈χdet(F(0,∞
′)
ψ
(F|A(0) ))
〉(t′−1)〈χ
det(F
(∞,0′)
ψ
(F|P(∞) ))
〉(t′)−1,
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and the conclusion then results from the formulas
〈χ
det(F
(0,∞′)
ψ
(F|A(0) ))
〉(t′−1) = εk(A(0),F , dt),
〈χ
det(F
(∞,0′)
ψ
(F|P(∞)))
〉(t′)−1 = χ−rk(F)cyc εk(P(∞),F , dt),
which follow respectively from Theorem 11.8 and from Corollary 11.10.
References
[AS10] A. Abbes, T. Saito, “Local Fourier transform and epsilon factors”, Compositio Mathematica 146 (2010),
1507-1551.
[BE01] S. Bloch, H. Esnault, “Gauss-Manin determinants for rank 1 irregular connections on curves”, Mathematische
Annalen, Volume 321, 15-87, 2001. With an addendum: the letter of P. Deligne to J.-P. Serre (Feb. 74) on ε-
factors, 65-87.
[Bh16] B. Bhatt, “Geometric class field theory”, in “Arbeitsgemeinschaft: The Geometric Langlands Conjecture”,
report No. 20/2016, p.1037.
[CC13] C. Contou-Carrère, Jacobienne locale d’une courbe formelle relative, Rendiconti del Seminario Matematico
della Università di Padova 130 (2013), pp.1-106.
[Ch15] C. Cheng, “A character theory for projective representations of finite groups”, Linear Algebra and its Appli-
cations, Volume 469, 230-242, 2015.
[CR62] C. W. Curtis, I. Reiner, “Representation theory of finite groups and associative algebras”, Wiley Interscience,
1962.
[De73] P. Deligne, “Les constantes des équations fonctionnelles des fonctions L”, in “Modular Functions of One
Variable II”, Lecture Notes in Mathematics 349, Springer-Verlag, 1973.
[SGA4
1
2 ] P. Deligne, Cohomologie étale, Springer-Verlag, LNM 569, 1977.
[De80] P. Deligne, “La conjecture de Weil : II”, Publications mathématiques de l’I.H.E.S., tome 52 (1980), pp.
137-252.
[Dw56] B. Dwork, “On the Artin root number”, Amer. J. Math. 78, 1956, pp.444-472.
[FO] J.-M. Fontaine and Y. Ouyang, “Theory of p-adic Galois representations”, available at https://www.math.u-
psud.fr/ fontaine/galoisrep.pdf.
[Gr66] A. Grothendieck, “Formule de Lefschetz et rationalité des fonctions L”, Séminaire Bourbaki 9, 1966, exp.
279., p.41-55.
[SGA1] A. Grothendieck, Séminaire de Géométrie Algébrique du Bois Marie - 1960-61 - Revêtements étales et
groupe fondamental - (SGA 1), Springer-Verlag, LNM 224, 1971.
[SGA4] A. Grothendieck, Séminaire de Géométrie Algébrique du Bois Marie - 1963-64 - Théorie des topos et
cohomologie étale des schémas - (SGA 4), Springer-Verlag, LNM 269/270/305, 1972/3.
[SGA5] A. Grothendieck, Séminaire de Géométrie Algébrique du Bois Marie - 1965-66 - Cohomologie l-adique et
Fonctions L - (SGA 5), Springer-Verlag, LNM 589, 1977.
[Gu18] Q. Guignard, “On the ramified class field theory of relative curves”, arXiv:1804.02243.
[Ka86] N. M. Katz, “Local-to-global extensions of representations of fundamental groups”, Annales de l’institut
Fourier, tome 36, No. 4, 69-106, 1986.
[Ka88] N. M. Katz, “Travaux de Laumon”, Séminaire Bourbaki : volume 1987/88, exposés 686-699, Astérisque, no.
161-162 (1988), Exposé no. 691, pp. 105-132.
[Ko48] E. R. Kolchin, “On Certain Concepts in the Theory of Algebraic Matrix Groups”, Annals of Mathematics
Second Series, Vol. 49, No. 4, 774-789, 1948.
[Ill72] L. Illusie, “Complexe cotangent et déformations I”, Springer-Verlag, LNM 239, 1972.
[La56] S. Lang, “Sur les séries L d’une variété algébrique”, Bulletin de la S. M. F. 84 (1956), p. 385-407.
[L] R. P. Langlands, “On the functional equation of Artin L-functions”, unpublished, available at
https://publications.ias.edu/sites/default/files/a-ps.pdf.
[La87] G. Laumon, “Transformation de Fourier, constantes d’équations fonctionnelles et conjecture de Weil”, Pub-
lications mathématiques de l’I.H.E.S., tome 65 (1987), pp. 131-210.
[La90] G. Laumon, “Faisceaux automorphes liés aux séries d’Eisenstein”, in Automorphic forms, Shimura varieties,
and L-functions, Vol. I, 227-281, Perspect. Math., 10, Academic Press (1990).
[Ro54] M. Rosenlicht, “Generalized Jacobian Varieties”, Annals of Mathematics 59 (1954), p. 505-530.
[Se59] J.-P. Serre, “Groupes algébriques et corps de classes”, Hermann (Paris), 1959.
GEOMETRIC LOCAL ε-FACTORS 95
[Se61] J.-P. Serre, “Sur les corps locaux à corps résiduel algébriquement clos”, Bulletin de la S. M. F. 89 (1961), p.
105-154.
[Se68] J.-P. Serre, “Corps locaux”, Hermann (Paris), 1968.
[Se97] J.-P. Serre, “Cohomologie galoisienne”, Springer, 1994.
[Se98] J.-P. Serre, “Représentations linéaires des groupes finis”, Hermann, Méthodes, 1998
[Su13] T. Suzuki, “Some remarks on the local class field theory of Serre and Hazewinkel”, Bulletin de la S.M.F. 141
(2013), p. 1-24.
[ST68] J.-P. Serre, J. Tate, “Good Reduction of Abelian Varieties”, Annals of Mathematics Second Series, Vol. 88,
No. 3, 492-517, 1968.
[SP] The Stacks project, https://stacks.math.columbia.edu, 2019.
[Ta18] D. Takeuchi, “Blow-ups and the class field theory for curves”, arXiv:1804.02136.
[Ya1] S. Yasuda, “Local Constants in Torsion Rings”, Journal of Mathematical Sciences (University of Tokyo), Vol.
16, No. 2, 125-197, 2009.
[Ya2] S. Yasuda, “The Product Formula for Local Constants in Torsion Rings”, Vol. 16, No. 2, 199-230, 2009.
[Ya3] S. Yasuda, “Local ε0-characters in torsion rings”, Journal de Théorie des Nombres de Bordeaux, Vol. 19,
763-797, 2007.
Institut des Hautes Études Scientifiques, 35 route de Chartres, 91440 Bures-sur-Yvette, France
École Normale Supérieure, 45 rue d’Ulm, 75005 Paris, France
E-mail address: quentin.guignard@ens.fr
